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Notes on Columns 


PAUL E. SANDORFF* 
Lockheed Aircraft Corporation 


SUMMARY 


Methods are presented for the determination of the failure 
loads of continuous columns that are elastically restrained at the 
supports. By means of accompanying charts, the effect of elastic 
restraint can be obtained as a simple multiplying factor to be 
applied to the Euler load. The variations in column rigidity due 
to plasticity and skin-buckling are discussed, and note is made of 
effects of eccentricity of loading which are always present to some 
extent in practical structure. 

Certain assumptions that are usually made in the design and 
in the testing of aircraft column structure are shown to be precise 
only to within 10 or 15 percent. A method of testing is described 
by which column effects may be investigated more thoroughly. 
The calculation of the compressive strength of aircraft panel 
structure from the design characteristics is suggested in the place 
of the usual assumption of an effective end-fixity coefficient of 1.5. 


INTRODUCTION 


- AIRCRAFT DESIGN the structural engineer deals re- 
peatedly with columns that are elastically re- 
strained against rotation at the supports, which develop 
full strength only after the stresses exceed the point of 
skin-buckling and the elastic limit and which inevitably 
are, to some extent, eccentrically loaded. Problems 
concerning the strength of such members are usually 
met with an assumption of the effective end-fixity 
coefficient, which expresses the ratio of the column 
strength to the critical load of a similar pin-ended 
member. In many cases this method is inadequate. 

The end-fixity coefficient has been determined 
accurately for only a few special cases. Many aircraft 
structural analyses, in which the weight and marginal 
safety would have justified better accuracy, have been 
based on assumptions of questionable precision. The 
investigations outlined below were made to obtain more 
generalized mathematical equipment for the solution of 
column problems and to promote greater accuracy in 
the design of aircraft column structure. 
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CRITICAL LOADS OF ELASTICALLY RESTRAINED COLUMNS 


The critical load of a column is the load at which in- 
stability would occur provided the member were 
initially straight and centrally loaded. In this case 
failure takes place by sudden large lateral deflections. 
In contrast, when initial eccentricity of loading is pres- 
ent, each increment of axial load produces increased 
secondary bending moment and consequent bowing, so 
that the lateral deflection increases gradually with the 
load. The column then has no “critical” load “but 
merely a maximum strength at which instability 
occurs. 

If the column could be constructed of a material com- 
pletely elastic and of infinite strength, the instability 
load would be unchanged by eccentricities. In the 
practical case, plasticity and skin-buckling effects are 
accentuated by the secondary bending moments, so 
that the strength usually differs from the critical load. 

The determination of the critical load is nevertheless 
important in column analysis. The solutions for the 
critical loads of several types of elastically restrained 
columns are therefore developed in the following para- 
graphs, it being assumed for the time being that eccen- 
tricities and initial bowing are negligible. The methods 
employed are described by Timoshenko! (Chapters I 
and IT). 


Single-Span Column 


In Fig. 1, the coefficients of end-restraint may be 
defined as: 


a, = —M,'/6,' (1) 
a=-- Mz/6. (2) 


where 1,’ and M; are the end-moments applied to the 
column and 6,’ and 62 are the angular deflections of the 
column at the supports. Downward deflection is con- 
sidered positive, and positive moments are those tend- 
ing to produce positive deflections. The following 
relations may be written:! 
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Fic. 1. Single-span beam, elastically restrained. 
Ot | au) ‘ #(u) Ms (3) 
6D 
ges | 2H Mz + $(u)M. : (4) 
2 6D 442 1 
where: 
L- = length of column 
D_ = rigidity, or moment per unit curvature 
P = axial load 
u=L/2~VWP/D 


2 ie | 1 
“j= —| — — - 
v(u) aE tan =| 


3 1 1 
o(u) 5 u l= Qu Qu | 


The functions ¢(u) and ¥(u) are tabulated against u on 
page 499, et seq., of reference 1. The quantity D may 
be further defined as: 








D = dM/dC 

C= dw = curvature 
dx? 

w = lateral deflection 


x longitudinal coordinate 


In Eqs. (3) and (4), D is assumed constant over the 
length of the span, and, except for special cases such as 
plates in bending, 


D=EI 

E = effective modulus of elasticity of material in 
bending 

I = effective moment of inertia of column cross sec- 


tion in bending 


Combining Egs. (1) and (2) with Eqs. (3) and (4), 


| 2 + 2y( (w) an’ + ¢(u)M, = 0 (5) 


a,L 
o(u) My’ + e + 2y(u) [Ms + 
aL 


At the critical load, the end-moments as expressed in 
the simultaneous Eqs. (5) and (6) become infinite, and 
the denominator determinant may be placed equal to 
zero. The resulting relation between the parameters is 
therefore true when P is equal to the critical load: 


1944 


6D t 
[22 + a0] [22 +00] oe <0 
a,L aL 

The critical load is therefore the smallest value of P 
which will satisfy Eq. (7). In the special case where 
the end-restraints are equal, Eq. (7) reduces to: 


EK + 2y(u) + 6(u) | E + 2y(u) — #(u) | =0 (8) 
Two solutions appear to be possible; one, however, 


represents an impracticable mode of buckling and the 
true solution is: 


(6D/aL) + 2y(u) + o(u) = 0 (9) 
Eq. (9) may also be written in the following manner: 
(6D/aL) + (3/u) tan u = 0 (10) 
or 
(RD/aL) + tan (RL/2) = 0 (11) 
where 
= VP/D. 


Two-Bay Column 


Dealing with an intermediate elastic support, Timo- 
shenko! suggests establishing the conditions of equi- 
librium about the junction using the notation of Fig. 2 
In such a case the following equations may be written: 


On = —6n’ (12) 
M,” = —(M, — M,’) = 20, (13) 
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Fic. 2. Double-span beam, elastically restrained. 


Proceeding as in Eqs. (3) and (4), the relations existing 
in the two-span column are: 
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M, = — a6,’ = ae a Bo + (mu)! as | (14) 
Mz — M,! = —onh, = _ ola 2W(u1)M2 + (us) My’ | 
6D1L a 
(15) 

r 
M,’ = M, = — a6’ = ole 2 (ue) M2’ + (ue) Ms 

6DoL 





(16) 


M; = — a6; = — 20 ay(u) Mz + $(u2) M2’ | (17) 
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Then, from Eqs. (12), (15), and (16), the continuity 
equation is: — 
L,D, 


D. 
Ly, * (11) My’ + LD 


1 1 


2y(u1)M2 +2$(u2) Ms’ + 








$(u2z)Ms = 0 (18) 


The equation expressing central fixity devolves from 
Eq. (16), while the end-fixity relations are expressed 
from Eqs. (14) and (17): 


o — Sey, + | 2 + 2y(un) |! + $(u2)M; = 0 


aL ale 
(19) 
6D, , : 
| £2 + 2y(us) fas + $(u:)M2+0+0=0 (20) 
aL; 
. 6Dz . 
0+ 0+ (ue) M2’ + | —r+ 2u(ue) |i =0 (21) 
a3Le 


In cases where the methods of symmetry and anti- 
symmetry can be applied, the solution of Eqs. (18) to 
(20)-may be made fairly simple. The substitution of 
the conditions for the special case in the basic equations, 
followed by solution of the determinant, is usually less 
tedious than using the reverse procedure. For in- 
stance, in the special case where both spans are identical 
in character and length and the end-restraints are the 
same, M,’ may be substituted for —M»2, M,’ for —Ms3, 
and 6,’ for —63, reducing the equations to the determi- 
nant in M,’ and M,’: 


—(u) + 2[(6D/a2L) + ¥(u)] | 
=0 (22) 
[((6D/a,L) + 2p(u)] — o(u) 


The critical load is then implicit in the relation: 
6D 6D 
2] —+ anu) | 9? + vu | — ¢(u)=0 (23) 
ay aol 


In the case where M,’ = M, and M,’ = M; and the 
central support is pinned (a2 = 0), then it must also be 
true that M, = M,’. For these conditions to exist, the 
end-restraint must be a function only of the character 
of the column, as may be seen from Eqs. (20) and (21). 
The properties of the two bays are interrelated, accord- 
ing to Eq. (18): 

—_ | 2H(u) + ou) | + | Hu) + 6() | =0 (24) 
LD, 

This equation holds true at all values of the load. It 
can be reduced to the simpler form: 


—_ (L,Dou2/L2D nu) ” 
— (Let;/Lyuz) = — VD./D; 


Stewart Way’? presented an alternate method for the 
solution of column problems. Some interesting data 
concerning the variation of critical load with span 
lengths of a two-bay pin-supported column are given in 


tan u2/tan u, = 
(25) 


that reference. However, reference 2 is concerned only 
with a few special-case column problems and should not 
be used as a basis for generalized conclusions. 


Symmetric Three-Bay Column 


Proceeding as in the previous section, the case of the 
three-bay column of Fig. 3 can readily be set up as a 
series of equations in terms of the end-moments. The 
solution of the general case, however, is too tedious to 
be of practical value, and it is better to make substitu- 
tions immediately. 








Fic. 3. Beam of three spans, elastically restrained. 

In the special case of a symmetric three-bay column, 
in which, in Fig. 3: LZ, = Ls, Di = D3, a = 
a3; the solution for the critical load is obtained from 
the determinant in M,’, M2, and M,’: 


+ EDs 404,) + L254 (u;) + | 24) + o(u) | 
LD 
6D, 


LD, 2 : 
+ | + 2y(us | + o(m) + 0 
aL 
6D, | Se 


a4, a = 





= 0 } 


0- —+ 
ale 





+ 2f(ue) + 6(u) | 


als 
(26) 

If the central supports are pinned, ag = as = 0, and 

Eq. (26) becomes: 

L,D; ___ $*(%) 

— 671 + 24(u) 


ayy 





2y(m) — + [2p(u2) + o(u2)] = 0 





(27) 


This equation parallels Eq. (9) for the single-bay col- 
umn, and it becomes evident that the end-restraint of 
the central bay of the three-bay pin-supported column 
is determined by the adjacent spans and may be ex- 
pressed as an equivalent end-restraint coefficient: 


, _ 6D: 
Ly 
| 24(m) ~ 





ae 


*(u1) | (28) 
(6D1/aLi+2y(u1) 





Columns Continuous over Several Supports 


Eq. (28) suggests a method for determining the 
maximum load of the general case column which is 
continuous over any given number of supports with any 
given restraint conditions. It may be seen that that 
portion of the end-restraint on any particular bay 
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which is due to the effect of an adjacent bay is given by 
Eq. (28). The total end-restraint is the sum of this 
quantity and that furnished by the support. Using the 
nomenclature of Fig. 4, the following equations may 
therefore be written to express the total equivalent 
end-restraint on any span m of a continuous col- 
umn: 











On’ = Oy + 
6D,—-1 l 
La Ez ere 9° (Un-1) | 
, (6D,—1/ On wig dey} + DY (Up—1) 
(29) 
Ont 1’ = Anti + 
6D,+1 re 
Dati [2 i Z rs  ¢? °(un+1) Ze ; 
Chins os eee | 
es (6D,+1/an+2" Ly+1) ) +2 V(tin+1) 
(30) 
p 
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Fic. 4. Continuous beam elastically restrained. 


The span in question may then be treated as a single- 
bay column with the end-restraints a,’ and a,+1’.  Be- 
cause these quantities involve the restraint at the far 
support of the adjacent bay, it is necessary to apply the 
relations first to the end bays and work successively in- 
ward to the span. The value of a’ is affected by the 
column load through the functions ¥(u) and ¢(u), and 
for this reason a’ in some cases may actually be nega- 
tive. The failure load of the particular bay under 
consideration is given by Eq. (7), which may be re- 
written for convenience as follows: 


ae tm) | 
an’ L, An+1 La 


COLUMN END-Frxity RELATED TO END-RESTRAINT 





ss 24(un) — $°(U,) = 0 
(31) 


The application of the relations developed in the 
foregoing section is usually too tedious for practical 
stress analysis. In order to reduce the amount of 
labor, the concept of an effective pin-end length, L,, has 
often been used. The critical load is then computed by 
a modification of the basic Euler relation for pin-ended 
columns, as follows: 


PF oppend = mD/L?* (32) 
Pe = mD/L,* (33) 


| | 
+t - + 
a 

+— ‘ 
| | | 
Spb 
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EQUIVALENT END-FIXITY COEF. C 


Fic. 5. Relation between end-restraint and equivalent end- 
fixity coefficient. 


Osgood’ presented charts by which L, may be deter- 
mined from the known end-restraints and the column 
characteristics. The method is not so simple, however, 
as that which follows by relating the end-restraint 
coefficients of Eqs. (1) and (2) to the end-fixity coeffi- 
cient, c, defined as follows: 


Pa = CP yin-end i c(*D/L?) (34) 


Some methods for converting from end-restraint to end- 
fixity have been suggested.‘ However, by using Eq. (7) 
and the relation 


c = (2u/m)? (35) 


which follows from Eq. (34), the end-fixity can be 
obtained directly as a function of a,(L/D) and a2(L/D). 
The results are presented graphically in Figs. 5 
and 6. 

These figures provide a rapid and easy determination 
of the critical load of any single-bay column. Depend- 
ing on the nature of the problem, one of the two charts 
will probably be more convenient to use. The applica- 
tion of this method to any bay of a continuous column 
on several supports is possible if the equivalent end- 
restraints, as computed by Eqs. (29) and (30), are used 
in place of a and ay. 
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Fic. 6. Relation between end-restraint and equivalent end- 
fixity coefficient. 


THE PRACTICAL COLUMN 
Nature of the Variations in Column Rigidity 


For the usual aircraft column structure, the column or 
bending rigidity, D, is constant if the compressive 
stresses remain below the skin-buckling stress and be- 
low the elastic limit of the material. When one or the 
other of these limits is exceeded, the rigidity becomes a 
function of the applied stress, because, as the stress 
varies, skin-buckling affects the moment of inertia (J) 
and plasticity changes the modulus (£). 

A so-called “long column”’ is one that fails by insta- 
bility before the compressive stress exceeds the limits of 
elasticity and skin-buckling and is therefore a perfectly 
elastic or true Euler column. A ‘short column’”’ is 
usually considered as one of such length and design that 
instability occurs only after the stress exceeds the elastic 
limit. 

However, as was indicated by Howland,* short- 
column effects that occur in aircraft structure are often 
due also to changes in the value of J caused by skin- 
buckling. In general, the short-column range in- 
cludes any column the rigidity of which, at failure, is 
related to the stress. Most aircraft column structure 
would be classified in this range. 


COLUMNS 5 


It has been found that the calculation of the critical 
load of a short column is unchanged if the original 
value of D, the rigidity, is modified to conform to the 
modulus and the moment of inertia which are effective 
under the critical conditions.» **%***® The notation 
used in developing the formulas and relations of the 
preceding sections makes provision for this substitution. 
The determination of the effective value of D to be sub- 
stitutcd, however, presents a problem that in most 
cases has led to ‘‘circular logic’’; i.e., from test data, it 
is possible to back-figure and obtain a value of D suit- 
able for the particular test specimen. The value of D 
so obtained cannot be applied with accuracy to any 
other column. The determination of the variation of D 

ith column stress for a specific column shape is im- 
plicit in the current method of aircraft panel tests, the 
results of which are plotted as allowable stress against 
slenderness ratio. As noted in a later section, this 
method takes no accurate account of the effect of 
secondary or superposed bending moments on the value 
of D, which makes the actual column strength differ 
from the computed critical load. 

In a short column, the column rigidity is dependent 
not only on the mean compressive stress but also on the 
stress distribution. If bending exists in the column, 
the value of E varies over the cross section, as deter- 
mined by ir stress, in relation to the stress-strain 
curve for the material.“ Similarly, the extent of the 
skin-buckling effect is determined by the stress in the 
skin and not by the mean column stress. Conse- 
quently, when curvature exists in the column, the 
strength may differ considerably from the critical load. 

All practical column structure has been found to ex- 
hibit some curvature effects. These may arise because 
of initial bowing, eccentricity of loading, or lateral 
beam loads. As a result, the central portions of the 
column are removed from the line of action of the axial 
load, and secondary moments and lateral deflections 
occur to an extent determined by the value of D. In 
the special case when the curvature is such as to in- 
crease the effectiveness of the buckled skin, the effect 
may actually increase the column strength. The 
plasticity effect, however, acts always to decrease the 
effective rigidity, and each increment of loading then 
causes increased deflections and decreased rigidity. 
The maximum load thus attained may fall far short of 
the critical or sudden-collapse load that would be 
reached in the absence of curvature. 

By application of the same reasoning previously used 
to account for plasticity in the straight column, the 
expression for the critical load is still of practical value 
if D can be corrected for the column curvature at failure. 
The curvature effects may also be handled by combining 
them with the end-fixity coefficient, so that, in the 
basic column relation, 


Pras, = €'(x*D/L?) (36) 
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The quantity c’ then includes the eccentricity, form- 
factor, and end-restraint effects and may be termed the 
“effective end-fixity coefficient.”’ 


Effects of Plasticity 


As early as 1909, von K4rm4n presented test data to 
verify a precise mathematical treatment of the effects of 
plasticity on eccentrically loaded columns. The 
method, which is presented with slight modification in 
readily availablé references,” is tedious but accurate. 
Plane sections are assumed to remain plane, so that for 
selected values of curvature and neutral axis location 
the stress distribution is determined from consideration 
of the material stress-strain curve. By processes of 
integration over the sectional area, the stress distribu- 
tion defines the axial loads and the moments of resist- 
ance corresponding to the chosen values of curvature. 
These relations are simultaneously defined by the 
initial eccentricity and the deflection curve of the 
column, which may for practical purposes be assumed 
sinusoidal.’ Solution for the maximum load is there- 
fore possible by combining the two simultaneous sets of 
relations; the strength, however, is severely dependent 
on the initial eccentricity. 


When only centrally loaded, straight columns are 
considered, as is frequently done in discussion of the 
effects of plasticity, the effective modulus may be ex- 
pressed as: 


E = (Eel: + E,I,)/I’ (37) 


Here the section is assumed to undergo an infinitesimal 
bending deformation, so that the area carrying the in- 
crement of tension acts with the Young’s modulus Ep, 
while that area carrying the increment of compression 
behaves according to E,, the tangent modulus of the 
material stress-strain curve at the mean column stress. 
The neutral axis shifts because of the change in effec- 
tiveness of these areas, and in the above expres- 
sion, 


I, = moment of inertia of the tension area about the 
neutral axis 
I, = similar moment of inertia of the compression 


¢ 
area 


I’ = total effective moment of inertia 


In Eq. (37), E is often termed the ‘reduced modulus,’’! 
the ‘double modulus,’’”” 1 or the ‘‘Considere-Engesser”’ 
relation.’ The expression can be applied only to the 
perfectly loaded column to obtain the theoretic critical 
load, since, if any bowing exists prior to failure, the 
extreme fibers are more highly strained than the central 
fibers and act at a modulus value less than that corre- 
sponding to the mean stress. von K4rm4n* emphasized 
the great reduction in strength due to minute eccen- 
tricities of loading. 


Some recent test results* 1! indicate that the effective 
modulus, £, may be placed directly equal to E,, the 


tangent modulus corresponding to mean column stress. 
Such a substitution cannot be justified mathematically, 
and it is probable that the apparent agreement of test 
results with the calculated strengths is due to imper- 
ceptible eccentricities of loading, perhaps of the order 
of a hundredth of the core radius of the specimens. It 
appears questionable to assume that equivalent 
eccentricities would exist in structure that might be 
designed by such test data. Such an assumption is also 
made when column test data are used to determine a 
curve of reduced modulus versus compressive stress, 
for predicting other types of crippling failures, etc.® *4 


Effects of Buckling Skin on Critical Load 


When buckling occurs in the skin of a compression 
panel, uniform stress distribution no longer exists over 
the cross-sectional area. The new distribution of load 
is usually visualized as a decrease in the area con- 
sidered to be 100 per cent effective, and the concept 
may be extended to the computation of the effective 
moment of inertia of the section. The area of skin 
which is effective in bending, however, is not identical 
with that which is effective in direct compression. 
Cox’ and Hoff" indicated the nature of the variation. 
The formal analysis presented below was developed 
by C. H. Heilbron, of Lockheed Aircraft Corpora- 
tion. 

It is assumed that the buckled skin carries some load 
that may be represented as a function of the mean 
stiffener stress, oo, and that the total load of the panel 
is unchanged by the addition of a small amount of 
curvature. The total effective area per unit width 
may be defined as: 


LA, ” P/a (38) 


where P is the total load carried per unit width. Ifa 
small amount of spanwise bending is added without 
changing the value of P, the following relations may 
be written: 


P = tAg (39) 
M = Y(A,o)z (40) 


where o is the fiber stress at a distance z from the 
neutral axis. The fiber stress is related to the curva- 
ture (C, = d*w/dx?) by: 


¢ = 0+ EC, (41) 
and the rigidity, as previously defined, is: 
D, = El, = dM,/dC, (42) 
Using the initial assumption of unchanging P, 
dP/dC, = 0 = >> [d(A,o)/dC,] 
0 = ))(de/dC,) [d(A,c)/do} 


By combining Eqs. (41) and (43), the variation of fiber 
stress with curvature is found to be: 


(43) 
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Vld(A.c)/do} 
Then, combining Eqs. (40) and (42) and substituting 
for do/dCx according to Eq. (44), 


es eee ae 
2 = BASS dA) /de) ree (45) 


By representing A, as the “effective area, per unit 
width, in bending under compression,” 





Pe “ Peo were o( A) (46) 


o 


the equivalent moment of inertia, from Eq. (45), is: 


te it oa oe 
I | Es A, A. 
which is parallel to the expression for the ordinary 
moment of inertia, except that each element area is re- 
placed by the value A, of Eq. (46). 

The value of A, may also be affected by shear lag in 
the skin which will reduce the effective area in cases 
where L,, the equivalent pin-ended column length, is not 
large in comparison to b, the width of buckling skin. 
This shear lag reduction has been observed in panels in 
which the skin was unbuckled or was placed in ten- 
sion.!* 14 In reference 14 it was found that, when a 
panel was subjected to uniform lateral load as a simple 
beam, the active width of the skin could, for practical 
purposes, be approximated by [4/r(3 + 2u — u*)JL, 
where L is the distance between supports and uy is 
Poisson’s ratio for the material. It therefore seems 
reasonable that, when the equivalent pin-end column 
length, L,, is less than 0.36, the value of A, of Eq. 
(46) should be reduced by the ratio of 0.36L/b. If u is 
assumed to increase to a value of 0.5 in the plastic 
region, only a slight change occurs in the shear lag cor- 
rection factor. 

If there is no eccentricity of loading up to the point of 
failure, the value of « may be taken equal to a» in de- 
termining A,. The quantity A, and the slope of the 
A, versus oo curve may be obtained from load-strain 
data taken during panel compression tests, or, in the 
absence of test data, some reasonable effective width 
formulation may be satisfactory. 

Unfortunately there are no test data available by 
which the foregoing analysis may be judged. Exten- 
sion of the theory to include the results of eccentricity 
therefore seems unjustified at the present time. The 
effects are probably similar to those caused by plasticity, 
since the value of o in Eq. (46) may differ considerably 
from oo if curvature is appreciable. 

However, the relations developed make it evident 
that when curvature is such as to increase compression 
in the skin, the column rigidity is reduced below that of 
the straight panel, while for bowing in the opposite 
direction, the rigidity may be increased. Increased 


(47) 
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column strength may sometimes be obtained, therefore, 
through the proper use of eccentric loading. 

The relations of Eqs. (46) and (47) indicate why the 
short-column curve for panel specimens occasionally has 
a shape inconsistent with previous theory. Often the 
curve departs ‘‘prematurely”’ from the Euler relation 
because of reduction in J when the skin buckles. Some- 
times the short-column curve resembles neither a 
Johnson’s parabola nor a straight line but is concave 
upward. At times this shape has been loosely at- 
tributed to possible torsional instability, but it is 
readily accountable by the variations in Ae with o. 


END-FIXITY OF COLUMN TEST SPECIMENS 
Inaccuracies of Current Methods 

It is generally assumed that an end-fixity ef c’ = 3.0 
is developed when a panel compression specimen, with 
ends milled flat and parallel, is tested between the flat, 
rigid platens of a testing machine. ® 8 The un- 
certainty of this assumption, however, is repeatedly 
stated in the literature. In several instances in which 
some determination of test end-fixity was made, values 
of c’ have ranged all the way from below 2.0 up to 
4.0." 

When the end-fixity is not determined, lack of scat- 
ter in the test results is no proof of the accuracy of 
the data, for inconsistencies would be expected rather 
when the tests are made under varying conditions by 
different observers and with different equipment. 
Allowable stress data in the short-column range, there- 
fore, when determined from test data with the assump- 
tion of c’ = 3.0, are subject to a possible error of plus or 
minus 20 per cent, and the existence of better accuraey 
is difficult to prove. 

Some methods have been proposed whereby the test 
end-fixity is determined for each column section and test 
conditions."* " These methods are based on the 
premise that the value of c’ is invariant with the speci- 
men length and the load. Actually, it appears that the 
greatest variations in c’ are due to the effect of the 
length and the magnitude of the failure load. 

The fact that full fixity is not realized in column tests 
may be due, first, to additional moments caused by 
eccentricities and end-conditions and, second, due to the 
existence of elastic restraint conditions at the ends. The 
first factor will have a negligible effect on the maximum 
load of a long column but will cause a reduction in the 
strength of short columns. The effect of a given set of 
end-conditions may therefore be expected to be more 
severe as the length of the column is decreased up to 
the point of local buckling or block compression effects. 
Consequently, if initial bowing or irregular end-condi- 
tions exist, the value of c’ must vary, being smaller for 
the shorter columns. 

If, on the other hand, the reduction in c’ is due to 
elastic restraint,- the effect is again a variable one. 
Since a would be defined solely by the rotation of the 








testing machine head and the corresponding restoring 
moment, it could be considered constant for different 
length specimens. In this case, Figs. 5 and 6 indicate 
that c = constant X (L/D) and, since the critical load 
is a function of D/L and a, c’ must decrease with larger 
critical loads. 

The assumption of constant end-fixity for different 
length specimens is consequently not much better than 
that of c’ = 3.0 for all specimens. 


Need for Improved Technique 


Experience has shown that the assumption of test 
end-fixity of c’ = 3.0, coupled with that of c’ = 1.5 
in the aircraft structure, leads to conservative design. 
Accuracy of better than plus or minus 20 per cent in 
either of these assumptions, however, is questionable. 
While the improvement in one of these quantities with- 
out a corresponding improvement in the other cannot be 
justified for current design purposes, test data, if 
properly obtained, will have a certain permanent value. 
If it is possible to improve the accuracy of the test data 
without too great an expenditure, it should be done so 
that identical structures will not need to be retested at 
some future date. 

In addition, if column data obtained in tests of differ- 
ent structures are to be compared with each other for 
the purpose of determining the effects of variations in 
size, shape, skin thicknesses, etc., the unknown fixity 
effects in test conditions provide a source of error con- 
siderably larger than the effects under investigation. 
In order to study these effects, therefore, and some 
day to reduce the amount of test work necessary to de- 
termine allowable stress values for design purposes, the 
end-fixity in column tests must be accurately de- 
termined. 


Why Built-In Support Is Not Achieved 


In the case of panel compression tests, it has been the 
practice at Lockheed Aircraft Corporation, as well as at 
several other aircraft plants, to machine the ends of the 
specimens flat, square, and parallel to the best tolerance 
possible and to test between flat, fixed platens. The 
statement of c’ = 4.0 implies perfect bearing on the 
ends of the specimen and no rotation of the test head 
surfaces. Reasons why such conditions are seldom 
achieved have been noted as follows: 


(1) Rotation of the test heads. Under eccentric load, 
the test heads of some testing machines are found to 
rotate with respect to each other. This rotation may 
occur to some extent about either horizontal axis. The 
source of this freedom is suspected to be in the bearing 
of the upper test head on the screw threads, in the de- 
flection of the supports, or in the measuring capsule. 
Though the rotation may be less than a degree before 
“‘bottoming’’ occurs, up to this point the ends of the 
specimen are not fixed but are elastically restrained, 
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and afterward the specimen contains initial curva- 
ture. 

Because of these effects, variations in opposite edge 
stresses of as much as 40 per cent have been measured 
in some specimens. Failure loads varying by as much 
as 10 per cent between identical specimens have been 
observed concurrent with variation in test head rota- 
tion. The process of centering under load results in 
more consistent results, but the technique as applied 
under conditions of quasi-fixity becomes increasingly 
difficult with larger specimens, and the incidence of skin- 
buckling, with consequent shift in the centroid, some- 
times makes test head rotation unavoidable. 


(2) Irregularities in end-conditions. Perfect bearing 
on the ends of the specimen is seldom achieved due to 
machining tolerances, slight irregularities in the platens, 
etc. Such effects produce initial eccentricities and initial 
curvature which will affect short-column data and may, 
in some cases, affect the skin-buckling phenomena and 
so change the effective rigidity. 

Such troubles have been noted by other observers*!! 
and are probably common to many laboratories, since 
c’ = 4.0 is such a rarity. Under these conditions, 
neither the end-restraint (a) nor the initial eccentricities 
can be assumed constant. The accurate evaluation of 
c’ requires some modifications of test procedure and 
equipment. 


Pin-End Column Tests 


The use of suitable test fixtures that will insure pin- 
end conditions has been proposed!” * as a means of 
eliminating uncertainties regarding the value of c’. 
This method of testing has distinct advantages for 
specimens in which skin-buckling does not occur. It 
is necessary to center under load in order to eliminate 
possible initial eccentricities; this practice, however, 
is not difficult, and the test data apparently have high 
accuracy. But, when skin-buckling occurs before the 
column strength is reached, the neutral axis of the 
specimen shifts. This shift is ordinarily of the mag- 
nitude of 0.2 to 0.4 of the core radius of the section, and 
the resultant decrease in strength of a short column 
may be 10 or 20 per cent. 

To avoid such errors, it is the practice in some labora- 
tories to repeat the tests with the loading centroid in 
different positions until a peak value of the test load can 
be defined. Such a test procedure is likely to lead to 
further errors of an unconservative nature, since the 
plane of loading for maximum test load of buckling skin 
specimens is not in general coincident with the neutral 
axis. As previously mentioned, the effective rigidity 
decreases when the panel bows in the direction of the 
stiffener but increases with bowing in the opposite 
direction. Consequently, initial eccentricity sufficient 
to predetermine bowing in the direction of the skin will 
result in the test load corresponding to the greater value 
of I. 
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For these reasons the pin-end method of test must be 
rejected as unsatisfactory for the testing of panel struc- 
ture. 


Three-Bay Column Specimens 


In the three-bay column test method, the specimen is 
made considerably longer than the actual test length, 
and pin-end support is furnished at two intermediate 
points. The lengths are symmetrically disposed, and 
the central bay is considered to be the test length. 

Considering only the effects of variations in end- 
restraint, the equivalent fixity for the central bay of a 
three-bay specimen is determined, as indicated previ- 
ously, by the adjacent spans and the extreme end-condi- 
tions. The values of a,’ and a;’ may be determined by 
Egs. (29) and (30), and then c can be found from Fig. 5. 
In the case where all bays are identical, the inter- 
mediate supports are pin-ended, and the end-fixity co- 
efficient is assumed to apply to a single span, the cor- 
respondence between test end-fixity at the extreme sup- 
ports and the equivalent end-fixity for the central bay 
is found to be as follows: 


Equivalent Fixity for 


Test End-Fixity Strength of Central Bay 


q =a = 4.0 ce = 1.51 
a = % = 3.0 c = 1.41 
1 = %& = 2.0 c= 1.26 
a4 =a = 1.0 c=1.0 


A certain percentage error in the assumption of test end- 
restraint will therefore cause one-fourth as great a per- 
centage error in the calculated fixity effects on the test 
specimen. 

The effect of errors due to initial eccentricities and 
uneven bearing conditions which produce a super- 
imposed moment on the specimen are also somewhat 
reduced at the central bay. It is probable that, unless 
skin-buckling occurs, a reduction of about 50 per cent 
of possible test error may be obtained. 

When skin buckling occurs, however, adjacent bays 
of the multiple-bay specimen have at times been ob- 
served to bow in the same direction instead of alter- 
nately in and out.*!. This higher-order wave form in- 
dicates much larger values of c than noted above and 
may be caused by the shift in neutral axis due to skin 
buckling which predisposes all bays to fail in the same 
direction. Until it can be proved that such conditions 
also prevail in the airplane structure, the multiple- 
bay method of test should be treated with cau- 
tion. 


Testing with Known End-Restraint 


In reference 5, column tests were made by means of 
an apparatus that applied known end-restraint to the 
specimen. This method might be adapted to standard 
test work by using an auxiliary set of loading platens, 
supported as simple beams on calibrated springs. The 
determination of the equivalent end-fixity could then 
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be made through the relations of Fig. 5 and Eqs. (36) 
and (42). 

Analysis shows that this test arrangement is practi- 
cally as sensitive to the effects of eccentricities and a 
moving neutral axis as is the pin-end apparatus de- 
scribed above and, consequently, does not offer a simple 
solution to the column test problem. Nevertheless, it 
would be possible, by making the proper measurements 
of end-rotation and lateral deflection, to determine the 
actual end-moments on the specimen and the true 
rigidity, D,, of the specimen at all values of load. The 
variation of D, with load and with curvature is far more 
significant in column analysis than the variation of 
ultimate stress with slenderness ratio. 

While such intensive study is not practical for routine 
panel tests, it appears necessary at the present time to 
do some work along this line in order to extend the 
knowledge of the column phenomena. Simplification of 
test procedure may later become obvious. 


COLUMN STRENGTH OF AIRCRAFT PANEL STRUCTURE 


It is current practice in the design of aircraft wing 
structure and fuselage structure to assume that the skin 
and stiffener combination acts as a simple column be- 
tween rib or bulkhead supports and that sufficient end- 
restraint is furnished at these supports to result in an 
effective end-fixity coefficient of c’ = 1.5.% % Experi- 
mental determinations of c’ by the method of How- 
land® have indicated that a value of 1.8 is not uncom- 
mon. In view of the precision with which margins of 
safety of 2 and 3 per cent are computed in present-day 
stress analyses, it appears that the accuracy of the basic 
assumption of c’ = 1.5 is entirely inadequate and that 
more logical strength determinations may be made from 
a consideration of each individual structure. 


Possible Sources of Effective End-Fixity 


Contrary to what some authorities have implied,™ 
the source of the effective end-fixity in an aircraft panel 
does not lie in the rib structure. Experimental de- 
terminations of the coefficient of end-restraint due to 
the rib alone have shown that the ribs or bulkheads 
commonly used are usually incapable of providing as 
much as 1 per cent of the restraint necessary to de- 
velop c’ = 1.5. 

The difference between the strength of stiffened-skin 
panel structure and the pin-end column load may be 
attributed to several factors. The effect of side-fixity, 
the effect of lateral curvature (i.e., in a plane normal to 
the column load), and the increase in stability that 
occurs in skin-buckling panels continuous over several 
supports are quantities that can to some extent be 
treated analytically and are discussed in detail below. 
Other effects, such as the stabilizing or destabilizing 
influence of a distributed load acting normal to the skin 
surface and the effect of longitudinal curvature, appear 
too irresolute to be handled at present. More test data 
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and better correlation with analyses are necessary. 
There are undoubtedly other contributory effects as yet 
undetermined. Since the effective end-fixity of the 
structure can be determined only by reference to panel 
test data which, as previously mentioned, may be sub- 
ject to considerable conservative error, a large part of 
the apparent end-fixity observed up to this time may be 
purely fictitious. 


Side-Fixity of Panel 

Timoshenko, on page 381 of reference 1, presents the 
solution for a compressed rectangular plate which is 
reinforced in the direction of the compressive load, 
simply supported on all four edges. The nonisotropic 
properties of the panel are handled by considering the 
flexural rigidities in the two dimensions: 


D, = EI, = average spanwise flexural rigidity per 
unit width, corresponding to the 
moment M, 
D, = EI, = average chordwise flexural rigidity 
per unit width corresponding to 
the moment M, 
GI, = average torsional rigidity per unit 
width 


The differential equation for the deflection surface of 
the plate is presented as: 


otw ow ow O*w 
D, — 2Dy ——. + D)) — + P— =0 (48 
en ae dx2dy? Oy! da? ) 
where w is the deflection and 4 and y are the spanwise 
and chordwise coordinates. Assuming the deflection 


surface to be represented by: 


w = A sin (rx/L) sin (ry/W) (49) 


bo 


Dey = 


where W equals chordwise width of the panel and 
A equals maximum deflection, substitution into 
Eq. (48) gives the maximum load for all edges simply 
supported as: 


2 2 2a 2 
Paz. = ~ D; + 2 a Dy ss a D, | (50) 


L Ww Ws 
The first term of Eq. (50) is recognized as the pin-end 
column strength; the second term represents an addi- 
tional strength due to side-fixity. 

Solutions of this type for the more general case in 
which consideration is given to the chordwise shearing 
deformation and to several different edge conditions 
have been presented by Heilbron, of Lockheed Air- 
craft Corporation. Further refinement, however, is 
believed beyond the scope of the present paper. 

The expression for D, of a skin-buckling panel is 
given in Eq. (45). The value of D, for panels stiffened 
with open sections is that of the skin alone; for corru- 
gation panels, tests indicate D, to be roughly double 
that of the skin and corrugation material considered 
separately. It has been found that D,, may be con- 


servatively taken equal to D,. An experimental de- 
termination is, of course, the most satisfactory method 
of obtaining D, and D,,. Calculations made on repre- 
sentative structure indicate that the increase in strength 
due to edge-fixity may be of the order of 5 or 10 per cent. 


Effect of Lateral Curvature 


The critical stress for instability of a curved panel 
with longitudinal stiffeners is treated by Timoshenko 
on page 474 of reference 1. It is stated that the 
critical stress may be taken as 


Cr = % + (Ger)o (51) 


where o¢ is the direct column strength of the structure 
neglecting curvature and (¢,,)o is critical stress of a long 
cylinder in which only the curvature effect is considered. 
This summation is also indicated by Ebner** and others. 

For the case of a single wave between ribs, the value 
of (a,)o is: 


(Ga)o = (2E/R) V1,/h, (52) 


where R is the radius of curvature, J, is the chordwise 
moment of inertia of the skin-stiffener construction per 
unit width (corresponding to D, of Eq. (50)), and h, is 
the equivalent thickness of the panel in the longi- 
tudinal direction. Since Eq. (52) leads to the classic 
value of the critical stress, which is about 0.6/0.3 
times as large as experimental data and more complete 
analyses** have indicated to be true, a corresponding 
reduction appears to be in order. Noting that h, is 
identical with the term A, discussed in connection with 
Eq. (46), the relation for the increase in load due to 
curvature becomes, in terms of load per unit width, 


Pourv, = (E/R) V Az], (53) 


Increase in Strength Due to Skin Buckling 


It has been noted repeatedly, in the testing of 
stiffened skin panels, that failure usually occurs in the 
direction of the stiffeners. The difference in effective 
longitudinal rigidity according to the direction of 
cutvature was noted previously in connection with 
Eq. (45); the same effects may provide in some cases 
an increase in the strength of a skin-buckling panel 
that is continuous over several supports. 

If pin-end supports are provided and if successive 
spans of the column are approximately the same in 
length and structure, column failure may be expected 
to occur by alternate spans bowing in opposite direc- 
tions. Because of the curvature, the effective moment 
of inertia of the span which bows in the direction of the 
stiffener is less than the value computed by Eq. (47), 
while in the adjacent span the rigidity is increased. 
The resultant column structure may be approximately 
represented as in Fig. 7. The rigidity D, of the inward 
bowing panel is considered applicable over the equiva- 
lent pin-end length L~z—i.e., between points of inflec- 
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Fic. 7. Equivalent lengths and rigidities of adjacent spans of 
continuous panel structure. 


tion—and, correspondingly, D, for the outward bowing 
panel applies to L». It is evident that under the 
conditions of nonlinearity, by which D; and Dz; are 
related to the curvature, the instability load of the 
structure of Fig. 7 may be greater than that expected 
of the single-span, pin-ended column. 

While the mode of failure described above is feasible 
and probably represents ¢. minimum load condition, it 
is uncertain whether such. a mode actually pertains to 
a given structure. If the reduction in effective skin 
area because of buckling is sufficient and if successive 
bays of the structure are practically identical, it is 
possible for all bays to bow in the direction of the 
stiffeners.24_ As previously noted, the structure may 
be stable under these conditions, and the failure will 
be that of a fixed-ended column subjected to eccentric 
load. It appears that the column strength under these 
loading conditions would be considerably greater than 
that predicted by the assumption of c’ = 1.5, and it is 
possible that in the majority of cases no other type of 
failure need be considered. 

Further progress may be expected in this study when 
information regarding the variation of D, with curva- 
ture becomes available. It does not appear profitable 
at this time to extend analytical reasoning further 
without investigation and substantiation by means of 
tests. 


CONCLUSIONS 


No one will deny the value of a generalized approach 
in the treatment of a problem no matter what the 
problem or how specific it may be. The application 
of such tactical methods, however, is ofie: difficult or 
obscured. In fact, in questions concerning aircraft 
column structure quite the opposite method of attack 
has repeatedly been used, and conclusions pertaining to 
problems somewhat general in nature have been drawn 
from special case solutions. While such short-cut 
methods are often justifiable, investigation indicates 
that the consequent inaccuracies have been consider- 
ably more severe than was generally suspected. 


The first portion of this report is concerned with the 
presentation of mathematical methods sufficiently 
general for handling most of the possible problems 
concerning continuous columns elastically restrained 
at the supports. The practical value of this informa- 
tion is probably greatly exceeded by that of Figs. 5 
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and 6, by means of which the failure load of any par- 
ticular bay may be readily computed. 

Column problems are complicated by the variation 
of rigidity with the load which occurs due to plasticity 
effects and, in stiffened skin construction, due to skin 
buckling. When these variations exist, the slight 
initial eccentricities and initial bowing present in the 
practical column suddenly become important factors 
in determining the failure load. A satisfactory treat- 
ment of these several effects, including substantiating 
test data, is not available. 

Because of initial eccentricities, as well as end- 
restraint conditions, the accuracy of column test data 
may be severely questioned. Actual test conditions 
are seldom if ever determined, it being current practice 
to assume a conservative value for c’, the effective test 
end-fixity coefficient, or to assume that c’ varies only 
with the cross section of the specimen. Neither of 
these assumptions can be justified; nor do they result 
in data of satisfactory accuracy. Further investiga- 
tion appears to be necessary before a practical test 
procedure can be developed. 

In the analysis of monocoque structure in aircraft, 
considerable possibility of improvement in accuracy 
exists in the determination of column strength from 
characteristics of the design in place of the assumption 
of effective end-fixity of c’ = 1.5. Success in this 
method probably depends to a large extent on the 
accurate determination of the column properties from 
static tests. At present, the source of effective end- 
fixity is not much better than conjecture. Consider- 
able investigation and tests are necessary before the 
accuracy of stress analyses can be placed on a par with 
the preciseness of the arithmetical work such analyses 
usually contain. 
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Study of Exhaust-Valve Design from 
Gas Flow Standpoint’ 


SENG-CHIU HUf 
China Aircraft Corporation 


ABSTRACT 


The object of the research described in this paper is to investi- 
gate the flow characteristics during the exhaust blowdown and to 
develop a rational background for designing and improving the 
present poppet-type exhaust valves of aircraft and automotive 
engines. The research was carried out in three main steps: (1) 
theoretic study of gas flow through exhaust valves; (2) experi- 
mental study of gas flow coefficient during exhaust blowdown; 
(3) correlation and discussion of the data obtained. 

It is found that by means of a simple modification on a con- 
ventional valve, such as the valve from a C.F.R. engine, the 
maximum mass rate within the most useful range of the valve lift 
can be increased by at least 25 per cent. Such a gain could be 
obtained with no additional cost, since neither the diameter of 
the valve nor the size of the port need be changed. 

In the course of the work a series of modifications of the pro- 
files of valves and seats were investigated. The topics are: (1) 
stem fillet, (2) inner rounds, (3) outer rounds, (4) head enlarge- 
ment, (5) seat angle, and (6) profile of port approach. The records 
of their effects on valve performance are grouped, compared, and 
explained both graphically and theoretically in order to give a 
sound basis for exhaust-valve design. 

The pressure range investigated extends from critical pressure 
(atmospheric pressure/0.53) up to 80 Ibs. persq.in. It covers the 
actual operating conditions of modern unsupercharged and mod- 
erately supercharged aircraft, as well as automotive engines. 
Experiments agreeing with the theory indicate that the flow 
coefficient is almost independent of, and increases slightly with, 
the initial pressure. The results of this research, therefore, can 
be successfully applied on the safe side, to prospective highly su- 
percharged engines with an exhaust pressure higher than 80 lbs. 
per sq.in. 


INTRODUCTION 


¢ HAS LONG BEEN RECOGNIZED by designers and manu- 
facturers of internal combustion engines that the 
energy lost through the exhaust valve is even greater 
than the remainder available to run the engine. A typi- 
cal analysis of fuel energy distribution’ clearly illus- 
trates this fact. Is it possible to reduce such a serious 
loss by any considerable amount? 

On the basis of a pressure-volume diagram, the ex- 
haust loss can be graphically represented as in Fig. 1 
and may be subdivided into three major parts: (a) 
exhaust blowdown loss, (b) exhaust stroke loss, (c) 


Presented at the Power Plants and Propellers Session, Eleventh 
Annual Meeting, I.A.S., New York, January 25-29, 1943. 

* This research was conducted in the Sloan Aircraft and Auto- 
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energy carried out by the exhaust gas. Both practical 
experience and theoretic investigation have shown the 
impracticability of reducing the (c) loss. However, 
with respect to (a) and (b) some work can be done. The 
exhaust valve is the first thing to be dealt with in 
order to reduce the energy loss of these two 
parts. 

The exhaust valve, as well as the carburetor, the in- 
let valve, and the spark plug or supercharger, forms an 
essential part of the complete fuel system. It is the 
last tool by which the engine converts the fuel energy 
into mechanical power. A poor exhaust-valve design 
produces mary difficulties, such as high back pressure, 
lower volumetric efficiency, greater frictional or throt- 
tling loss, a higher percentage of residual gas, and higher 
cylinder head and valve temperatures. Asa result, the 
power is greatly reduced and the life of the engine is 
shortened. The superficial way to treat these troubles 
is to increase the size of valves and ports. Such an ar- 
rangement not only increases the weight, the cost, the 
vibration, and the strength problem of the engine but 
also produces an overheated valve that in turn de- 
creases the volumetric efficiency and cuts down the 
power output of the engine. 

During the last 30 years, numerous experiments and 
analyses in the field of the poppet-type valves have 
been carried out throughout the whole world,® ® * * ® 
but none of them has ever touched on supersonic ex- 
haust gas flow. It is therefore the primary object of 
this paper to study the performance of such a super- 
sonic flow during the exhaust blowdown period and to 


Pressure 














Volume 


Fic. 1, Diagram of exhaust loss. 
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develop a rational way of designing an exhaust valve 
to cut down the exhaust loss without increasing the 


size of the valve. 


THEORETIC ANALYSIS 


General 


Gas flow through an exhaust valve is nothing but a 
free blowing of some highly compressed gas through a 
hole from the cylinder. It is quite reasonable to con- 
sider that the frictionless adiabatic free expansion is an 
ideal case or the limiting case of the gas flow through an 
exhaust valve. 

Referring to Bernoulli’s equation 


S ((dp/p) + (U*/2)],? = 0 (1) 
U8 OF, ova pity Pie OP. 
2 2g 


2¢ : 
[ova (2) 


where U is the velocity; p, the pressure; p, the mass 
density; v, the specific volume; g, the gravitational 
acceleration; ‘‘l,’’ the station inside the cylinder; 
“2,” the station outside the cylinder; and /, the throat 
of the valve or the narrowest passage of the exhaust 
flow. 

During the adiabatic process py" = poe" = py," 
and neglecting the velocity inside the cylinder U; (in 
comparison with the high velocity of the gas flow (U, 
through the valve throat), the mass rate is 


n—1 
ee Sig fae Bet 4 (2) ; 
v, v, n— 1 pi 
(3) 
where a is the cross-sectional area of the flow and 7 is 


the adiabatic exponential constant. 
The condition for maximum yas flow, therefore, is 


dG 2 \—* 

— =0 or p, = ph| —F-! (4) 
dp; 

This is the well-known critical pressure at which 
the gas flows at maximum mass rate and with a 
sonic velocity. In other words, the gas flow rate 


through the valve will increase until p. decreases to 
n 


[2/(n + 1)]"~ ‘pi. If pe drops still further, the gas 
flow or G/a cannot decrease as indicated by Eq. (3) but 
will maintain a constant value corresponding to the 
maximum value of G/a. This implies that the velocity 
at the cross section a, cannot exceed a certain critical 


value (sonic velocity) which corresponds to the pressure 
n 


ratio (2/(m + 1)]}" -1_ For if the velocity at a, could 
exceed this critical value, the pressure at a, would have 











n 
to be less than [2/(m + 1)]"~ +p). This would mean 
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that at some cross section a”, reached before a, 
and larger or at least equal to a;, the pressure 


[2/(n + 1)]" ~ 'p, itself would be established. Since 
for this critical pressure G/a” is a maximum, this would 
imply that more fluid passes through section a” than 
through a,, which is impossible. 


Flow During Exhaust Blowdown 


During the blowdown period—i.e., the period di- 
rectly following the sudden opening of the exhaust 
valve—the pressure inside the cylinder is high in com- 
parison with the pressure outside. In other words, the 
pressure inside the cylinder ~; isf ar above the criti- 
cal pressure, and the pressure at the throat p, is 


[2/(n + 1)]"~ "pi. Taking the gas constant R = 53.3 





and the adiabatic exponential constant » = 1.4 (or p, 
= 0.53f;:) and substituting Eq. (4) into Eq. (3), the 
flow equation becomes 


2 PRY 
Gn atiea oa (EY - GY ]- 
te pi Pr J 


fr (8) 

VT, 
where a@,, the cross-sectional area of flow, is measured in 
square inches; /;, the pressure inside the cylinder, in 
pounds per square inch absolute; 7 , the temperature 
inside the cylinder, in degree Rankine; and G, the flow 
rate, in pounds per second. 











0.53a, 


Flow at the End of Exhaust Blowdown 


At the very end of the exhaust blowdown, the pres- 
sure inside the cylinder drops almost to the outside 
atmospheric pressure, i.e., below the critical limit. The 
exhaust gas flows out with a subsonic velocity. Such a 
flow can be directly handled by Eq. (3) but not by Eq. 
(10). In this paper, however, attention has been paid 
only to the sonic flow part of the exhaust blowdown be- 
cause of the limitation of equipment. As a matter of 
fact, the sonic flow occupies the major part of the whole 
blowdown, while the subsonic flow occurs only at the 
very end of the exhaust process. Anything favorable 
to such a sonic flow would definitely improve the whole 
exhaust performance. 


Flow Coefficient and Actual Discharge 


The flow coefficient here is defined as the ratio of 
actual flow to that calculated by Eq. (3) (or Eq. (5) for 
sonic flow). The experiments described in the latter 
part of this paper indicate that the value of this coef- 
ficient is always less than one. This could be explained 
by the following possible factors: (a) presence of me- 
chanical obstacles. The theoretic development was 
based on an ideal orifice, but the actual valve always 
has a stem and valve head that cause additional dis- 
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Fic. 3. Photographic view of experimental setup. 


turbance of flow and loss of energy. (b) Imperfect 
upstream flow. In order to have a proper seating, it is 
impractical to use a perfectly round-shaped orifice as 
a valve port. A contraction of flow due to poor en- 
trance, as illustrated by Guttermuth’s experiments,* 
would always exist even at high valve lift. (c) Imper- 
fect downstream flow. For sonic flow and supersonic 
flow, a De Laval nozzle can produce a “‘compression- 
shock”’ less flow only at its particularly designed pressure 
drop, while during free expansion a converging orifice 


_ 
i i] 


always has a series of standing waves at its downstream 
end. The functioning of an exhaust valve is between 
that of a converging orifice and a nozzle; therefore, it 
must suffer the energy loss of such waves and shocks 
at its downstream end. (d) Fast expansion. In this 
experiment, as well as in the actual exhaust blowdown, 
the pressure drops rapidly. Because of the unevenness 
of temperature, such a rapid expansion has a compli- 
cated characteristic. Strictly speaking, it could be 
handled only by Gillespie’s semirational formula de- 
rived from Beattie-Bridgeman’s equation and in terms 
of apparatus constants.’ In case of perfect gas, how- 
ever, the effect is negligible, as Gillespie and Coe 
wrote in their report. (e) Unsteady flow. The theo- 
retic treatment was develeped on the assumption of 
steady flow, while the gas flow during the blowdown 
changes with time. This is also a reason why the theo- 
retic equation must be used together with an experi- 
mental coefficient for practical application. 


Summnary of Theoretic Analysis 


The theoretic analysis may be summarized as fol- 
lows: 

(1) The fluid will expand to the critical pressure in 
the throat and any further pressure drop must take 
place beyond this section, but the velocity and density 
at the throat determine the weight of flow that is pos- 
sible for a given initial pressure to produce. 

(2) When the pressure drop is above 
limit, the velocity at the throat is the 
sound, and the velocity after the throat 
creased by further drop of pressure. For a true adia- 
batic expansion, no disturbance can therefore pass up a 
valve beyond the throat, and the weight of gas flow, as 
well as the pressure and the specific volume at the 


the critical 
velocity of 
may be in- 
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Diagram of exhaust-valve tester. 
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throat; will: not be affected by anything that happens 
downstream from the valve passage. 

(3) The gas flow varies ‘as the area of the restricted 
opening (the throat of the valve), as the pressure inside 
the cylinder, and inversely’ as the velocity of sound 
(which varies with temperature) (if T is constant, 
O-O, nent 

an oe ~ Pru, Pert, = Pa. Pry Verse, = V2 = 

als; @/ maz. 

Vsound» and p, ~ pi). Anything decreasing the friction 
and disturbance will help the process to approach the 
ideal case—that is, will improve the gas flow. 





Fic. 5. . Photographic view of exhaust valve tester, 
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Fic. 6. Tested valves. 


(4) The theoretic gas flow will differ from the actual 
case by certain coefficients that were determined experi- 
mentally and will be described in the latter part of this 


paper. 
LABORATORY WORK 


Figs. 2. and 3 represent the essential part of the labo- 
ratory setup. Briefly, the experiment consisted of 
pumping air into a steel tank to a pressure of 100 Ibs. 
per sq.in. and suddenly. releasing it through a specially 
designed exhaust-valve testing mechanism (Figs, 4 and 
5). . The pressure-time diagram was recorded by an 
engine indicator. In order to make a careful study of 
the effects of valve and seat profiles on flow perform- 
ance, differently shaped valves and seats were con- 
structed (Figs. 6 and 7) and tested in various combina- 
tions (Table 1). For each combination 27 indicator dia- 
grams were taken at nine different valve lifts. Fig. 8 
represents a sample set of such indicator cards at two 
different valve lifts as indicated. The final results in 
terms of flow rate were obtained by measuring the slope 
of these pressure-time curves with a milling-machine- 
telescope setup. 


RESULTS 


The preliminary results were assembled in the form 
of plots of flow coefficient versus pressure ratio. It is 
found that the value of the coefficient is almost inde- 
pendent of, and increases slightly with, the initial pres- 
sure. (This slight increase is probably due to the 
facts that a high pressure drop favors the vetia con- 
tracta and that the air inside the tank absorbs the heat 
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Fic. 7. Tested seats. 

















TABLE 1 


Various Combinations of Valves and Seats Tested (Refer to 
Figs. 6 and 7) 


Series Al—Valve A, Seat 1—basic 45° valve (C.F.R. valve) and 
basic 45° seat. 

Series B1—Valve B, Seat 1-45° valve and seat but without stem- 
to-head fillet. 

Series D3—Valve D, Seat 3-45° valve and seat with inner and 
outer corner rounds (Fig. 10). 

Series E2—Valve E, Seat 245° valve and seat with head en- 
largement. 

Series F3—Valve F, Seat 3-45° valve and seat with head en- 
largement and inner and outer corner rounds. 

Series F4—Valve F, Seat 4-45° valve and seat with head en- 
largement, corner rounds and converging port approach (Fig. 
10). 

Series G5—Valve G, Seat’ 5—basic 30° valve and seat (with 
sharp corners). 

Series H6—Valve H, Seat 6-30° valve and seat with inner corner 
rounds. 

Series J7—Valve J, Seat 7-30° valve and seat with both inner and 
outer corner rounds. 

Series K8—Valve K, Seat 8—(optimum valve and seat) 30° valve 
and seat with inner corner rounds, outer corner rounds, slight 
head enlargement, and converging port approach. 












































Fic. 8a (top). Sample indicator card at L/D = 0.424. Fic. 
8b (bottom). Sample indicator card at L/D = 0.094. 
' 
Fic. 9. Modifications of valve and seat profiles. A: stem 


fillet; B: seat angle; C: inner rounds (or inner corner rounds); 
D: outer rounds (or outer corner rounds); E: seat overlap; 
F: head thickness; G: head enlargement; H: port approach. 


from the tank wall at the later part of the blowdown 
period.) 

The final results are presented in Figs. 9 to. 17. They 
are plotted in the nondimensional form of average flow 
coefficient (through the tested pressure range) against 
L/D, ratio of valve lift to port diameter. 
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Calculation of Gas Flow Rate 


With the experimental flow coefficients as plotted, 
all the theoretic equations discussed before could be 
used immniediately to predict the characteristics of gas 
flow during the exhaust blowdown. However, instead 
of the adiabatic exponential constant of air 1.4, the 
actual value of that of the exhaust gas (slightly less 
than 1.4) should be used. 
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best improved valve found is clearly shown in Fig. 18. In comparison with C.F.R. valve at medium lit, 
At moderately-high valve lift, it has a flow coefficient say L/D = 0.235, the gain in flow capacity 1s (0.790 — 
of 0.82, which is 94 per cent of that of an ideal exhaust 0.624)/0.624 = 26.6 per cent. While at low lift, say 
valve (since the maximum obtainable coefficient based L/D = 0.141, the gain is (0.510 — 0.398) /0.398 = 
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Effect of Profile Modifications 


By keeping both the port diameter and valve head 
diameter constant, the valves and seats were tested 
with various modifications (Fig. 9), the effects of which 
are as follows: (a) Stem to Head Fillet—As shown in 
Fig. 11, the effect of the stem fillet is negligible. This 
agrees with the theoretic statement that the changes at 
the downstream of the throat have no effect on flow 
rate (for a true adiabatic expansion above critical 
limit). (b) Inner and Outer Corner Rounds—Valve 
performance can be appreciably improved by rounding 
the sharp corners. This can be seen from the point of 
separation and contraction. As represented in Figs. 
12 and 13, the fact that the inner rounds are more ef- 
fective than the outer rounds is probably due to the 
conical shape of the flow passage. As indicated in 
Fig. 19, air flows through the valve aperture from ‘“O”’ to 
“T,’’ 1.e., from the larger sectional area to the smaller one. 
To discharge at “‘I’’ the’same amount of air as at “O,”’ the 
flow is choked at the narrow aperture “I’’ rather than at 
“O."’ The flow characteristics therefore are far more in- 
fluenced by the inner rounds at “I’’ than by the outer 
rounds at “O.”’ (c) Head Enlargement—The flow rate 
at low lift can be slightly increased by the enlargement 
of the valve head. This may be due, in part, to the 
formation of a better entrance. Such an increase is 
upset, however, at high lift by the increased volume of 
the obstacle (Fig. 14). (d) Seat Angle—The 30° seat 
angle is better than 45° seat angle at low lift. This is 
due to the difference in the net cross-sectional area of 
the passage (as in Fig. 19: dg = L cos 30°, dye = L 
cos 45°, therefore dzoe > dase). However, at high lift 
the narrowest passage for the flow is the area of the 






































10 | 
| 
o9)- — . 
| 
, | 
' —~ 
os! j i \ cosets 
1 F— non 
} a ee 
27° eumee 
a 
o7 
/ 
/ 
/ 
a6 yp 
* ] 
- 
= 
3 ¥ 
Fy é 
= 
os] § + € 
8 $ 
< 
: § 
= , 
Q4) ft 
EFFECT OF PROFILE OF PORT aPPROACH 
a3 27° CONICAL PORT APPROACH (FS) @ | 
CONVERGING PORT APPROACH (F4 
a2 4 4 
oO! 7 
/ | 
° VALVE LIFT / PORT DIAMETER (1/0) | 
° or o2 03 04 
Fic. 17 
a t + —— 4 
| Gh GR Seen Som 
a —_f— 











a = 


FLOW COEFFICIENT ¢ | 














04; —_ <.. patient, 
| | | 
COMPARISON OF OPTIMUM VALVE AND CFR VALVE 
OPTIMUM VALVE (K8) @--~ CFR VALVE (Al) O— 
a3t- —— —— _ —— —— + 
eo-— EE 
| 
at_-—— + +—_— = —+$—____+——______] 
| | | 
° | | VALVE LUFT / PORT DIAMETER (1/0) i 
° ai o2 03 04 


Fic. 18. 


valve port rather than the conical seat aperture. The 
45° seat angle is therefore better than the 30° seat 
angle because of the less acute turn of the flow at inner 
corner ‘I.’ Fig. 15 is the experimental proof of this 
statement. (e) Profile of Approach—As shown in 
Fig. 17, to shape the profile of the port approach as a 
converging orifice improves the flow only at high valve 
lift. The reason is that the port opening functions as a 
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Flow passing valve throat. 
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throat only when the valve lift is greater than one- 
fourth of the port diameter. At low lift, therefore, the 
effect of port approach is negligible. 


Comparison with Previous Research 


The results of this paper do not agree exactly with the 
knowledge obtained from inlet valve experiments. 
This is evidently due to the difference of flow direction 
and the presence of acoustic velocity. Nevertheless, 
the effect of seat angle and round corners on flow per- 
formance agrees very well with Tanaka’s exhaust valve 
experiments, in spite of the existence of supersonic flow. 
There are no suitable data available, however, for com- 
parison with the other results of this paper because of 
the absence of previous studies on such acoustic exhaust 


flow. 
CONCLUSIONS 


(1) Through a simple modification on a conventional 
valve, such as a valve from the C.F.R. engine, the maxi- 
mum flow rate within the most useful range of the valve 
lift can be increased at least by 25 per cent. Such a 
gain could be obtained with no additional cost, since 
neither the diameter of the valve nor the size of the 
port need be changed. 

(2) The optimum valve found has a 30° seat angle, 
with slight head enlargement, rounded at all corners 
with moderate radiuses and seated on a port shaped 
as a converging orifice (Fig. 9). At moderately high 
valve lift its flow coefficient is about 0.82, which is 94 
per cent of that of an ideal orifice with the same net 
opening area (= area of port — area of stem). 

(3) The maximum useful valve lift for the optimum 
valve found is about 28 per cent of its port diameter. 
However, for a conventionally shaped valve the lift 
should be designed as high as feasible, since the flow 
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coefficient increases steadily with the valve lift, even 
when the L/D ratio is as high as 0.45. 

(4) Within the pressure range investigated (from 
critical pressure to 80 Ibs. per sq.in.), the flow coef- 
ficient is practically independent of the pressure drop 
across the valve. Therefore, if the exhaust valve of an 
aircraft engine is designed for sea-level condition and 
shows efficient performance during its ground test, it 
would so remain regardless of flying altitude, manifold 
pressure, or degree of supercharging. From the same 
point of view, it would seem that all the results of this 
paper could be successfully applied even to prospective 
highly supercharged engines with an exhaust pressure 
higher than 80 Ibs, per sq.in. 

(5) With regard to profile modifications (Fig. 9), the 
results may be summarized as follows: (a) Stem Fillet 
—The effect of a stem-to-head fillet of an exhaust valve 
is negligible from gas flow standpoint. (b)-Inner and 
Outer Corner Rounds—Flow performance can be 
greatly improved by rounding the inner and outer 
corners of the valve, the former being more effective. 
(c) Head Enlargement—By enlarging the valve head, 
the flow coefficient can be slightly raised at low valve 
lifts. (d) Seat Angle—A 30° seat angle is favorable at 
low valve lift; a 45° seat angle, at high valve lift. (e) 
Profile of Port Approach—To shape the profile of the 
port approach as a converging orifice increases the flow 
capacity appreciably at high valve lift. 
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Medical’ Activities in Military Aviation 
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INTRODUCTION 


LT IS OBVIOUS that an air force, as a military machine, 
can have only three purposes for its existence: (1) 
destruction of the enemy or enemy matériel; (2) coun- 
ter aviation; (3) transport. The last purpose more or 
less resolves itself into transporting fighting men to a 
battleground so that they can destroy the enemy or his 
matériel. All other functions performed by an_ air 
force are secondary to the main objectives. 

It immediately becomes apparent that, to accomplish 
the goals mentioned, multitudinous and complicated 
tasks are to be performed and, first, the planes must be 
built. Here, then, is where efforts immediately sepa- 
rate into almost every conceivable form of activity: 
obtaining of raw materials, processing of these materi- 
als, and final fabrication of aircraft and accessories. 
In this gigantic task, which is written off here in a few 
sentences, are the efforts of untold numbers of laborers 
and craftsmen and the genius and skill of the engineer- 
ing professions. The medical profession also has con- 
tributed in a quiet way throughout this: process of 
fabrication, but when men fly these airplanes, aviation 
medicine plays a more intense and dramatic role, We 
must have military aircraft of all types to accomplish 
the purposes set forth, but, up to this date at least, men 
must fly them. The interest of the medical officer cen- 
ters in these fliers, and it is his purpose to protect and 
enhance the health, morale, and. tactical efficiency of 
these men.;| He, too, is not unmindful of the. ground 
crews and supporting personnel. 


THE MeEpIcaAL TASK 


It is, perhaps, fitting to survey the problems that con- 
front the medical officer and. to indicate the lines; along 
which efforts are directed. The major. problems are: 
(1) selection of personnel,of all flying categories and of 
technical groups; (2) training. and indoctrination of 
personnel directly and indirectly concerned with, flying; 
(3) maintenance of personnel of the air forces; (4) 
medical problems of flight; and (5), special..problems 
occasioned by. this global war. 


Presented at the, Physiologic Problems Session, Eleventh 
Annual Meeting, I.A.S., New York, January 25-29, 1943. 
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SELECTION OF PERSONNEL OF ALL FLYING CATEGORIES 


It is axiomatic that if the selection of fliers is accom- 
plished in a sound and highly successful, manner, the 
training and maintenance of these. men will be much 
easier and subsequent problems of personnel. fewer, 
The statement has been made that almost any sound 
person can be taught the mechanics of flying, and we be- 
lieve this statement might be accepted. However, the 
ability to fly an airplane does not denote acceptability 
or ability successfully to participate in military avia- 
tion—far from it!. The situation requires large num- 
bers of young men who must be able to grasp instruction 
rapidly, who are physically sound, and who are emo- 
tionally stable. No longer is the sole concern. with 
selection. of pilots, but navigators, bombardiers, radio 
engineers, flight engineers and aerial gunners are se- 
lected with equal care. The numbers involved are of 
such magnitude that not only must the best be selected 
but it is necessary to use methods of selection which 
will insure that all with proper aptitude are accepted for 
training. Stress is placed on physical, mental, and 
emotional soundness and on aptitude for the job. 

The Air Surgeon inaugurated a special program of 
selection of fliers slightly more than two years ago. 
This program received its impetus by calling in experts 
in the psychologic field of vocational selection.. These 
experts instituted various psychologic (mental): screen+ 
ing tests, vocational aptitude tests; : and: psychomotor 
assessinents. | The psychologic program has grown into 
a large; well-integrated, and scientifically based ac- 
tivity. The methods of selection have been validated 
against performance in training, but refinements are 
continually in ptogress.. The operational: success in 
theaters of combat of ‘the. petsonnel selected and 
trained will be the final validation of the program. of 
selection, as well as of the program of training. 

It always has been the complaint of the older flight 
surgéons that in selection of applicants for training im 
flying, they had to outguess the flying instructors: In 
the hands of the latter lay the final decision of whether a 
man would succeed or fail. ' This may still be a weak- 
ness in the program of selection, but it is assured that 
flying instructors are as carefully selected as previously 
and are much better schooled in their duties. Thus, a 
fairly uniform instructional program is assured and 
criteria of progress are rendered more valid than before. 
It ‘is predicted that’ assessment ‘of aptitude for flying’! 
during actual flight instruction will remain “instructor! 
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opinion’’ and will not be reduced to a mathematical 
score in this war. 

In summation, selection is a medical problem and has 
occasioned the cooperative efforts of the physician, 
psychologist, and Air Forces officer. The standards for 
selection are set by the Medical Corps and are revised 


at their suggestion. 


TRAINING AND INDOCTRINATION 


The training of personnel of the Air Forces is princi- 
pally one for specialized Air Corps men. However, the 
interest of the medical officer cannot be denied even at 
this stage of the genesis of a flier. If transition from 
one type of aircraft to another gives rise to a high inci- 
dence of accident, it is fitting that medical personnel re- 
quest that means be taken to reduce the morbidity rate. 
In the instance cited, the request would be for a more 
gradual transition from one type of aircraft to another 
or for more hours of training prior to transition. 
Again, the medical officer might properly insist that 
night flying of novices in mountainous regions be pro- 
hibited. 

The greatest contribution of the medical corps to the 
Flying Training Command has been institution of the 
low-pressure chamber indoctrination program. This 
program was initiated in November, 1940, so that it 
could be in complete operation by March 1, 1943. The 
purpose of this training is to teach fliers the character 
and significance of bodily changes induced by baro- 
metric pressure; to show them the need for, and proper 
use of, oxygen equipment; and to furnish experiences 
for proper understanding of the effects of altitude and 
of the characteristics of the atmosphere. Each man 
experiences the effect of oxygen want; this impresses 
on him the need of supplemental oxygen during flight 
at the proper levels and acquaints him with the symp- 
toms, so that he may be cognizant of malfunction of his 
oxygen system in flight. Training is given in equalizing 
the pressure in the middle ear during rapid descent, and 
men usually are acquainted with aeroembolism. Lec- 
tures, demonstrations, and experiences in the low- 
pressure chamber are intermingled in this program, and 
those in charge of it have yet to encounter the flier, 
regardless of experience, who feels that he has not 
profited greatly by his participation. Perhaps the 
greatest benefit of this program is derived from the 
training the men receive in the proper use and care of 
oxygen equipment. 

The selection of men for operation at extremely high 
altitudes, especially for flight at high altitudes for long 
periods of time, is included in the program. In addi- 
tion, men who clear the ears with difficulty, for func- 
tional or pathologic reasons, can be eliminated or classi- 
fied for operation of transports. Finally, then, all 
fliers will pass through the low-pressure chamber and, 
in addition to the valuable instruction and experience 
they thus will receive, their anoxia tolerance, their re- 
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sistance to the ill effects of low barometric pressure, 
and their ability to tolerate rapid changes in barometric 
pressure will be entered on their records. 

Lectures and demonstrations are given by medical 
officers on sanitation, health, and hygiene, and addi- 
tional instruction on use of the eyes at night is to be 
instituted. Instruction of this character probably has 
contributed much to the excellent health of the Army 
Air Forces throughout the world. 

Perhaps the training function of the medical per- 
sonnel of the Army Air Forces should not be dismissed 
without mention of the important activities of the 
School of Aviation Medicine at Randolph Field. This 
institution gives instruction to medical officers which 
qualifies them as aviation medical examiners and, 
eventually, after a proper period of experience, as flight 
surgeons. In addition, a school is maintained there to 
train physiologists for their role in conducting the low- 
pressure chamber program. They are recognized by 
the Army Air Forces as constituting a new and impor- 
tant group and are awarded the title ‘‘Aviation Physi- 
ologist’” on completion of the course of instruction. 
Still another important function is being carried out at 
Randolph Field in the training of Air Force officers to 
become oxygen officers of squadrons and groups. 
These men, on completion of a short course, return to 
their respective units and become the officers responsible 
for training of the crews in the use of oxygen, the 
servicing of the aircraft with oxygen, and the installa- 
tion and functioning of the oxygen equipment in the 
airplanes of their units. 


MAINTENANCE OF PERSONNEL OF THE AIR FORCES 


The expression “‘maintenance of personnel’ has a cold 
and mechanical sound, but, in reality, the work entails 
rather intimate relationship of medical and Air Forces 
A multitude of important conditions come 
under consideration: (1) housing; (2) nutrition; (3) 
clothing and other personal equipment; (4) general 
medical care; (5) hospitalization; (6) sanitation; (7) 
recreation and physical fitness; (8) hours of duty; (9) 
frequency and length of leaves; (10) time absent from 
home on foreign duty; (11) type, frequency, and length 
of combat missions; (12) total length of combat service; 
and (13) status of family affairs. 

Many of these problems are basically the responsi- 
bility of the commanding officers of units, of the quar- 
termaster, or of the medical officer. Their proper solu- 
tion usually requires the effective teamwork of all. In 
most instances the problems must be dealt with in a 
practical manner at the station. However, if all of the 
problems arising in operational flying are left to so- 
called common-sense solutions, great handicaps will be 
imposed on the tactical organizations. Should not air- 
craft of the United States forces be as operationally 
effective as possible; their crew positions as comfortable 
and well arranged as possible; illumination within the 


personnel. 
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aircraft as effective as technologic skill can make it; 
the oxygen equipment as safe and economical as can be 
produced; technical and professional information as 
factual, complete, and advanced as scientific knowledge 
in 1943 will permit? It seems clearly the duty of those 
in charge to anticipate, study, experiment, gather data, 
and fabricate and to supply their colleagues in combat 
operations with both matériel and information. This 
is being done to a great extent, but more remains to be 
done. 

The health of the Army Air Forces, both at home and 
in every theater of operations abroad, has been sur- 
prisingly good. It is interesting that most of fliers 
returning from the Southwest Pacific say that dengue 
fever was their worst pathologic enemy. The disease 
was of relatively short duration and did not cause 
death. Under certain circumstances, the food has not 
been up to Army standards, but there has been no 
suffering or loss of morale on this account. Experts on 
nutrition have been included on the staffs of some U.S. 
expeditionary Air Forces and, in at least one instance, 
have rendered outstanding service. Undoubtedly some 
of the good fortune of the Air Forces has had its origin 
in the inclusion on important staffs of many categories 
of scientific experts, such as nutritionists, physiologists, 
psychiatrists, and various medical specialists. It is 
obvious that every field of the basic medical sciences 
and even the physical sciences must be drawn from in 
attacking the problems of wartime aviation. It is 
known that the problem of flier maintenance is lessened 
if selection is highly effective. It is known, too, that 
even the strongest will falter and break if the task is too 
arduous or is endured for unduly long periods. ‘‘Pilot 
fatigue,” ‘flyer fatigue,” ‘‘flying stress,’ and ‘‘stale- 
ness’’ are some of the terms applied to the fatigue ob- 
served in members of air crews. This condition does 
not lend itself to precise quantitative measurement but 
is a clinical syndrome or symptom complex. An intelli- 
gent, well-trained flight surgeon can recognize this con- 
dition in fliers with whom he intimately associates, and 
he is best able to cope with it if he has the full coopera- 
tion of the unit commander. Unquestionably, preven- 
tion is better than cure, and the fight against flier fa- 
tigue can best be won by adoption of the following 
measures: (1) employment as air crew of young men 
who are in excellent health and physically fit; (2) 
assurance that success on flying missions be readily 
attainable; (3) provision of aircraft and accessories 
that are equal to, or better than, the enemy’s; (4) 
furnishing of facilities for adequate rest, recreation, and 
sports between missions; (5) proper spacing of mis- 
sions, rest periods, and leaves; (6) securing of best 
possible living and working conditions; (7) furnishing 
of an opportunity to return home as a hero after a 
reasonable number of combat missions; (8) assurance 
of good medical care and evacuation home if wounded 
or injured; and (9) provision of ireedom from family 
worries. 
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MEDICAL PROBLEMS OF FLIGHT 


The medical problems of flight are numerous, varied, 
and often difficult. The elements of flight that impose 
on man stresses that are not normally encountered can 
be divided into those that are encountered at low alti- 
tudes and those that are encountered at high alti- 
tudes. 

Elements encountered at low altitudes comprise: (1) 
constant danger or threat to life itself; (2) noise, vibra- 
tions, and “‘foreign’’ odors; (3) an unstable platform 
(often distinctly unsteady); (4) changing spatial ori- 
entation; (5) centrifugal forces; (6) linear accelerations 
and decelerations; (7) the necessity of navigation and 
orientation; (8) rigorous visual requirements; (9) 
confinement; (10) change in barometric pressure, 
with its effect on nasal accessory sinuses, the middle 
ear, and the gut; (11) the special skills and constant 
attention required; (12) lowered oxygen tension; (13) 
extremes of temperature (including great cold) and 
rapid changes in temperature; (14) high air movement 
and often air blasts; and (15) crash incidents due to 
mishaps in taking off and landing. 

Elements encountered at high altitudes comprise, 
besides most of those encountered at low altitudes: 
(1) mechanical difficulties; (2) the necessity of giving 
increased attention to all mechanisms; (3) extreme 
cold; (4) low barometric pressure, with the attendant 
likelihood of aeroembolism, the gaseous distention of 
the gut, and low partial pressure of oxygen (welfare of 
the flier depending on function of the oxygen equipment 
and its intelligent use); (5) extreme confinement; 
(6) the fact that, if escape from aircraft is necessary, it 
presents a more forbidding aspect than at low alti- 
tudes. 

The problems inherent in flight in military aircraft 
demand special study to ameliorate or eliminate the 
adverse factors. Perhaps among the most important 
considerations are safety devices: (1) multiple engines; 
(2) high stress factors built into the aircraft; (3) explo- 
sion and leakproof gasoline tanks; (4) adequate armor 
located to give maximal protection to the crew; (5) 
safety belts; (6) good communication systems; (7) 
adequate flight control and indicating instruments; 
(8) parachutes; (9) life rafts; (10) large, well-placed 
escape hatches; and (11) good visibility. Good visi- 
bility in the cockpit cannot be overemphasized; this 
implies proper lighting for operation at night, elimina- 
tion of light distortion, defrosting, and oil and water 
clearance from the wind screen during flight. To these 
ends the optical physicist, ophthalmologist, and aero- 
nautical engineer join efforts. 

Much consideration has been given to accelerational 
and centrifugal forces. Numerous groups in the allied 
nations are working on this problem to determine the 
basic physiologic disturbances engendered and means 
of their alleviation. It is reasonable to report con- 
siderable progress in these studies. 
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Crew Comfort 


A significant effort has been, and is being, made to 
increase the comfort of the crew. It is well known that 
increase in comfort is reflected in higher tactical 
efficiency, particularly when a mission requires long- 
range flight. At the Aero Medical Laboratory, and 
with the aid of the Department of Anthropology of 
Harvard University, the flying population has been 
studied to determine the physical characteristics of the 
men.. The important physical measurements of the 
gunner, the pilot, and the other members of the crew 
have now been established, and what their clothing and 
battle gear add to their significant measurements has 
been learned. These data have been correlated with 
dimensions of turret and cockpit, and some redesign of 
compartments of aircraft, as well as some alteration of 
the physical standards of selection will result., There 
was, no significant information on this continent by 
which dimensions of oxygen masks could be estab- 
lished _until_anthropologists studied and. measured the 
fliers. 


Respiration 

Much has been learned in the general field of respira- 
tion. - Projects’ under this heading include the deter- 
thination of oxygéri' requirements as a function of alti- 
tude, cold,’ mission, ‘and job; ‘evaluation of oxygen 
equipment in the laboratory and in flight; and de- 
velopment of improved oxygen equipment, whether for 
routine or emergency use.” 'The closely allied field of 
circulation ‘deserves close attention! What are the 
circilatory ‘responses ‘to ‘anoxia, cold, aéroembolism, 
arid high ‘accelétation? Having determined ' these, 
what can be done toward preventing circulatory failure 
in conditions of extremé stress? The physician and 
physidlogist ntust! be’ able ‘to answer: thesé ::ques- 
tions. 


Airsickness 


Airsickness received, scant; attention in peacetime 
when full, crews seldom, were carried in military aircraft 
and washouts at:flying school for this disorder were in 
line, witha high rate of failure... Man power, was then 
unjimited to fill) the, few, vacancies in the Air Corps, 
Airsickness. now has, become. arather important con- 
sideration, because infantry may, be ir-borne, para- 
troops have: been, developed, and air crews are. large, 
Progress is being made on, studies of this disorder of 
flying,,and there is promise of advances both in selection 
of personnel and in some alleviation of the condition, 


Oxygen, Cold, and Aeroembolism 


‘Oxygen, cold, and aeroembolism ‘cause the major 
worries and impose the ‘greatest ' problems in’ unre- 
stricted ‘operational’ flying. ‘These subjects undoubt- 
edly are receiving the ‘principal effort. The German 


air force after more than 8 years of intensive study and 
development, and with 31/; years of combat experience, 
is still modifying its oxygen equipment. It seems that 
if manufacturers in this country could build all of the 
intricate and powerful mechanisms involved in aircraft 
they can develop a perfect oxygen system. There is 
hope now of obtaining a nearly perfect system and com- 
pletely adequate emergency oxygen gear. It has been 
a long, hard process of study, laboratory, and flight 
test, and just now equipment is abreast of the require+ 
ments established by combat flying. 

The extreme cold at high altitude should, and can, be 
effectively countered by heaters and insulation of crew 
compartments. Have adequate thought and study 
been given to this problem? If so, the results to date 
fall short of a satisfactory installation. Lacking ade- 
quate heat for compartments or turrets, it has become 
necessary to spend much time and energy on protective 
clothing. In no case has this resolved itself into a com- 
pletely adequate solution for all crew members operating 
at high altitude on long missions. The application of 
electrical heat energy has been a palliative measure. 

Aeroembolism, characterized by joint pain (bends), 
substernal ‘oppression and respiratory ::' difficulty 
(chokes), cutaneous disturbances and vasomotor mul 
function, ‘has not been of great significance’ to date in 
military aviation in this country. . However, this trend 
cannot be projected into future operations! for higher 
altitudes'and longer periods of flight are being attained. 
Intensive studies by numerous research groups are in 
progress 'to determine the fundamental mechanism of 
aeroembolism, ‘the precise provocative factors, and 
meéthods of prevention and alleviation:') Selection of re- 
sistant personuel may well be a partial sohition to this 
problem ‘and adequaté pressurization of the individual 
at high altitude a'sure preventive. 
lit has: been determined’ that combustion, such as that 
of @ gasoline fire, can well’be supported at 35,000 ft. and 
even sothewhat higher, so that fire, as well:as structuralk 
failure at high altitude; ican! occasion ‘the necessity for 
escape from the~aireraft.' The question was taised 
whether or fot aiman‘could ‘escape from an:airplane at 
40,000’ fti-and:survive the descent. It has been clearly 
established that an aircraft could be abandoned at that 
altitude and} with proper instruction, a man can:reach 
safety’ without supplemental oxygen after leaving the 
plane. 


SPECIAL PROBLEMS OCCASIONED BY WAR 


The war hasichanged many ideas concerning require- 
merits in the: way of personnel, ‘equipment, and aircraft 
operation: Night fighting, extensive night bombing, 
airdrome activities during black-outs, and round-the- 
elock aerial activity were not clearly foreseen. Cer- 
tainly fighting in almost every latitude and quadrant 
of the earth was not entirely anticipated, at least not as 

(Continued on page 66) 
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ABSTRACT 


The paper presents a minimum potential energy analysis of 
thin web beams subjected to shear loads above critical. The 
wave form of the buckled surface is approximated by a function 
that contains the wave length, wave angle, and wave depth as 
parameters: 'Four more parameters—namely, the stiffener 
compressive strain, the cap compressive strain, the cap bending 
deflection, and the panel shearing strain—are introduced, and 
the distribution of the mid-plane tensile, compressive, and shear 
stresses is worked out. The enérgy of the entire panel-load sys- 
tem is then computed and the resulting expression differentiated 
with respect to the Strain parameters. The’ seven resulting équa- 
tions defitte the équilibriutm’ configuration ' of ‘the panel)’ Ex! 
pressions are obtained for the:critical condition; principal mid: 
plane. stresses, »maximum ,web bending, stresses, stiffener and, cap 
compressive stresses, web waye length, wave angle, and, wave 
depth. In particular, a formula is giyen for the bending loads 
on the stiffeners produced by the wrinkling of thé’ web.” “The 
ediiations' are’ SHowt ‘to reduce’ to'thdse ‘of Wagner ‘for ‘at’ int 
finitely thin web: | A comparisons presented which shows: good 
agreement between theoretic and experimental values of the 
following: principal web stresses, stiffener compressive stresses, 
wave depth, and wave length. 


_Intropbction 7 


(lssseanion CINTEREST attaches. to. the clhss ‘of 
structural mermbérs, usually referred to as 
“Tension. Field’ or ““Wagner!’ beains. . Such: ahembers 
are chatacterizéd by’ comparatively thin-.webs, ‘hich 
are designed to buckle within* their, working Tange. 
For small s shears the web remains flat and the laws of 
plane stress apply. But, if the load is continuously 
increased; a ‘eritical Condition~“is reaéhed,/at ‘which 
time the sheet buckles into a'series of diagonal wrinkles. 
For shear loads above criti¢al, the stresses existing in 
the member can no longer be predicted by the theory 
of plane stress: The problem, \therefore; is to find an 
analysis method whereby the actual stress distribution 
in a thin web beam, operating in the region above 
critical, can be computed. 

It is the purpose of this paper to present a chery of 
shear webs which is based upon analytical rather than 
empirical methods. All. phases, of the shear web 
problem are considered. In. particular, account is 
taken of the web compressive 'strength in reducing 
stiffener compressive loads''and ‘the effect of web 
wrinkles in producing stiffener bending loads. The 
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effects jof cap, bending between stiffeners and of cap 
and stiffener axial deformation..are also considered. 


METHOD OF APPROACH 


The following analysis is‘ based ‘tipon the princrple 
that the potential energy’ of a loaded elastic structure 
is minimum when equilibrium is reached. In applying 
this principle, one takes the standpoint that’ the Joad 
is applied suddenly. ' For éxample, consider the present 
instance, in which a constant force is applied to a 
shear 'panél. Imrtiédiately following application’ of 
the load, the panel goes through various phases’ of'de- 
formation. If the load is greater than’critical; wrinkles 
formi'\in ‘the web, and; as distortion ‘proceeds,’ ' their 
wave length, depth, and angle change: ‘Meanwhile, 
stiffeners ‘and caps undergo their own special’ types of 
distortion. After-a brief’ period ‘of oscillation, :: the 
structure settles into its ¢quilibrium configuration. 

‘During ‘the’ period ‘iri which the structure seeks! its 
lowest energy level, the load' loses an amount of energy 
eqiral to its magnitude times the net’ distance traveled. 
Part of ‘this energyis ‘coriverted into strain energy of 
the’ structure, while the rest is dissipated in the form 
of ‘heat.’ It is important to notice that the! load loses 
energy in‘ proportion ‘to the deflection; while the strain 
energy of’ ‘the ‘structure increases slowly ‘at first and 
then more ‘rapidly as ‘deformation proceeds.’ There is, 
therefore, ‘a configuration in which the energy of’ the 
load diminishes as'fast as that of the. structure’ in- 
creases: Fhis is the position of minimum energy and 
also of equilibrium. 

In applying the principle, of minimum potential 
energy to structural analysis,:a procedure .is, followed 
which is simply a mathematical counterpart of the 
process just described. Thé first step is’ to make a 
deformation assumption—that is, to write a formula 
giving the deflection of each part of the structure as a 
function of certain variables called deformation param- 
eters. The wave length, ‘wave angle, and- wave 
depth used in the present analysis will serve as éx- 
amples of such parameters. These quantities vary 
within the mathematical framework in the same 
manner as the corresponding..actual. quantities vary 
during the period when the’structure. is seeking equi- 
librium. The second step is to compute the potential 
energy of the load and the structure as functions of 
the deformation parameters. The third step is to de- 
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termine by differentiation the magnitudes of the 
parameters for minimum energy. All that then re- 
mains is to put the results into a form suitable for 
analysis and design. 

The type and number of deformation parameters 
are dependent upon the choice of the analyst. The 
solution becomes more accurate as the number and 
suitability of the parameters increase. However, the 
amount of computation increases rapidly as more param- 
eters are added, and therefore it is desirable to place 
reliance on suitability rather than number. Thus the 
method pays a premium for good judgment. 


ASSUMPTIONS 


The present theory applies to a thin web beam 
having the following characteristics: 

(1) Zero bending and compression. 

(2) Uniform shear. 

(3) Identical panels. 

(4) Parallel caps of identical cross sections. 

(5) Vertical stiffeners. 

(6) Complete damping of wrinkles at stiffeners 
and caps. 

(7) Infinite length. 

With slight changes, the theory may also be applied 
to the following cases. 

(1) A single shear panel bounded on four sides by 
stiffeners having infinite bending rigidity. 

(2) A checkerboard of panels. 

These two cases are subject to restrictions similar 
to those given for the beam. 

The above assumptions may appear to be excessively 
restrictive, but there are various ways by which some 
of the effects neglected can be taken into account. 
For example, the effects of bending and compression 
might be separately computed, and subsequently 
combined with the effect of shear. Where shear is 
nonuniform, a particular panel can be checked as 
though the entire beam were subjected to some multiple 
of the shear at that panel. If caps are not identical, 
a beam having caps identical to the weakest might be 
considered or an average might be.taken. 


NOTATION 
E = modulus of elasticity 
v = Poisson’s ratio 
P = shear load carried by web, 
In Fig. 1, 
Z = stiffener section modulus about axis SS (see Sec. B-B, 
Fig. 1) 
z = eccentricity of SS with respect to mid-plane of web 
p, = radius of gyration of stiffener about axis SS 
r = (b/a) + (a/b) 
A = 4ab 
uw = [w?/6(1 — v?)](h?/A) 
A, = cap area (see Sec. A-A) 
I, = cap moment of inertia about HH 
A, = total stiffener area (see Sec. B-B) 
A, = 2bk 
I, = */sha* 
A, = 2ah 
F = (P/Ax)/E 
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Fic. 1. Notation. 


BEHAVIOR OF A BEAM PANEL IN SHEAR 


In a thin web beam the three principal elements are 
the web, the stiffeners, and the caps. Fig. 2 shows the 
behavior of these elments under load. As the figure 
indicates, the stiffeners are compressed, the caps are 
compressed and bent, and the web forms a series of 
diagonal wrinkles. The stiffeners have little tendency 
to bend in the plane of the web because of the balancing 
tensions supplied by the webs of the adjacent panels. 
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Fic. 2. Deformation parameters. 
TABLE 1 
Deformation Parameters 
Part Parameter Symbol 
Stiffener Average compressive strain & 
Caps Average compressive strain €, 
Average deflection per unit ey 
depth of web 
Web Wave length Xo 
Wave angle 
Wave amplitude (maximum) f 
Web and load Average shearing strain Yo 





In actual differentiation, certain functions of the above are 
used for convenience; however, these are the basic parameters. 
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DEFORMATION PARAMETERS 


Table 1 and Fig. 2 give the deformation parameters 
employed in the analysis. 


WEB DEFORMATION ASSUMPTION 


Fig. 3a shows the coordinate system for the web. 
If a point P(x, y) moves to P’, the components of the 
displacement are u, v, and w. X’ and Y’ shown in 
Fig. 3b, are additional axes oriented so as to be parallel 
and perpendicular, respectively, to the direction of 
the waves. 

The assumed expression for the displacement w is 

, 
w= f cos ~~ cos ~~ cos ae > 
2a 2 b do 

This function consists of the amplitude f, the funda- 
mental component cos 2r(y’/Xo), and the two damping 
components cos (x/2)(x/a) and cos (r/2)(y/b) 


y’ = xsina+ ycosa 
Therefore 
cos 2r(y’/Xo) = cos 2x((x/Xo) sin a + (y/Xo) cos a) 


Figs. 3b and 4 show graphically the three components. 
Therefore 


w = f cos px cos gy cos (mx + ny) 


(r/2a), m = (m/X) sina, A = 
(x/X) cos a. 


where p = o/2, 


q = 1/2b, and n = 


CALCULATION OF MEAN WEB STRESSES 


One additional assumption is here made regarding 
the distribution of the mid-plane stress, the notation 
for which is shown in Fig. 5a. The rectangle is an 
element taken from the mid-plane, oriented as shown 
in Fig. 3a. It is assumed that o, does not vary with 
x, o, does not vary with y, and 7 is constant. The 
assumptions for o, and a, are shown in Fig. 5b. Notice 
that these assumptions satisfy the equations of equi- 
librium, 

Oc, OF 


Oo, _ Or 
dy ox 


ax oy’ 
The mean stresses and the stress distribution are 
determined for the case of a single panel in which the 
vertical stiffeners are free to deflect “béetause little 
additional calculation is required to obtain the addi- 
tional generality. 
The X stress is given in terms of the X and Y strains 
through the well-known relation, 


oz = [E/(1 — v*)](e + vey) 


where v is Poisson’s ratio. But e, and ¢, are given in 
terms of the displacements u, v, and w by 


€: = Uz + 1/.w,? 
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Fic. 3a (left). Coordinate system. 
Fic. 3b (right). Web deformation assumptions. 
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FUNDAMENTAL COMPONENT 





f x “DAMPING COMPONENT 





Fic. 4. Components of web deformation. 

















Fic. 5a (left). 


Mid-plane stress notation. 


Fic. 5b (right). Mid-plane stress distribution assumptions. 


in which the brief notation “7, and w, replaces the usual 
notation 0u/Ox, Ow/O0x; therefore 





| (w + vy) + 5 (we? + rey) 


i= = 
1 — p* 
Azz = JS SJfi oe, dx dy 
where A = panel area = 4ab and g, = average a;. 
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1-— 


y2 = 4 
5 Ag, Ay teddy sy ff rae dy + 
iff sax dy + [ff 2dxd 
2. i me wie 2-3 - y 





From, Hig. >/ 
LL | Petit ett, =, — bebe ap 
Where 6,96 the vertical deflection of fhe cap 
“6 V3, vy dx re J +2 S 5, by dx — 26,b St rb 
(ews (25,)2a — 2¢,b(2a) 
Toe, + «) 
Similarly, 
SI, Sa Uz dx dy = —A(ez + &) 


The evahiatién of ifitegrals suchas [ f w,?dx dy are 
omitted, since only routine procedures are involved. 
However, some of the integrals‘are found to contain 
certain trigonometric terms. .These terms have, in 
all cases, been neglected because they are small for 
loads around the critical, amd they rapidly become 
smaller and are periodically zero as the load increases. 
Neglect of these” terms, .therefore, corresponds to 
smoothing small irregularities out of the energy func- 
tion. Lack of space unfortunately prohibits a complete 
discussion of this point. 4 


1 . 1 mb 
5 fm dx dy = 5 mab + 7. 
] . ma 
LI, 8 a a= 5n b+; 
Therefore 
1—v _ coikff 2 2 i A a 
. eal ae er ts (C+) | 


[\. + &) + v(e, + «) | 


| 2 
se vi taans aN hs (§ 4 ) | 
4\0 a 


 ( + é,) + v(ez + «) | 


The average shear stress is given by 


E 
ave ff raedy =F ff pases 


E 
= x +») ffi + Uy +t.waw,) dx dy 


LG v, dx dy = 0 
SS -the dx dy = —Ay, 


; f (3 dx d et b 
— w,w, dx dy = — mna 
Ad ued vs u y D 


1944 


Therefore 





q noltsmmpish Ail) ovis 3 f8 
ee eat ve tag maa) 


It is now convenient to make a,change of variables 
and use the following dimensionless ratios: 














A a h? f al) 
¢ = — = —_ — 0 = = | 
r? 6(1 + v*):A (;) 
“ar n= ¢sin? a H+ - operate 1) 
|| 
ba if @ | 
da f = ¢cos? a@ ed Sk i Nile | 
Then, 
nt t=¢ 4/C'= tat? a 
2 2 a 
m? =~ aa? a=" bsinta =" n 
r? i r? 
n* = — cos? a = — d¢cos*a =—f 
2 A A 
2%? 2_ 74 
PS a iT es 
Therefore 
(1 WE Blox EW) (ent vey) 
(1 — ¥*) 2 = & + ox) — (@ +98) (2) 
T , 1 
G Py EW nt 97 
Thus, the average stresses have been obtained as 


functions of the panel parameters. 


STRESS DisTRIBUTION 
The stress distribution is obtained from continuity. 


—2(eb + 5) =f, vy dy 
- Sf 2 & x 1/9 wy?) dy 


ee 1 
2, (oy — voz) dy, — i (3) 


But 
JS, 0, dy = 2be, 
since o, does not vary, with.y.., Also 
JS, a;-dy_ = 2b8, 
singe, gz, Varies only with:y. Also 


if > a om a 
af w,? dy = = (3 + a) cos? px 
-5 2 
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For the cap deflection 6, it is assumed that 
by = 5,0 cos? px 


This assumption is sufficiently accurate for its in- 
tended use in calculating strain energy. 


by - 50/2 
Therefore 
by0 = Qby = 2e,b 


Substituting the above expressions into Eq. (3) 


—2¢,b — Abe, cos? px = 2b Z ~ thee ~ 


E 
Elam +7) cost 
(m+) cos* px 


%y “ite _ , &* a 
E (ty — e,)2 cos rt oo (4 «) 


Similarly, 


Or T a \ 
7 (Ex — €z)2 cos? + (5 -«) : 


Thus, the tension stresses have been found as func- 
tions of the panel parameters. 


¢ = o,/E => on/E 


where o, and o, are the average compressive stresses 
in the stiffener and cap, respectively. 


From Eq. (2) 
1 — v? 
— (2 — voy) = &(1 — v?)x — (1 — v*)& 
1 
i —e= Ez Pe Voy + Ga) 
Also 
Srey Pepe: 

=x < ime E (Gy Vor Go) 


Substituting these expressions in the equations for 
o, and ay, 


Gz, 2 ry 1 
ah — Vey + &) cos} 55 — Re _ vdy) 
ao, 2 TX 1 
— =— (%, — va, a, 2--——(%, — 
E Ee vdz + &,) cos =z af voz) 
let | 
2G: — vy + Gr) = or — on, on — VOy = —On1 
2(6, — Ge +6») = op — oy, Oo — Vor = —Cy 
T 
f°. = (¢2 — on) cos* e + on 
wx 
¢ = (oy — oy) cos? ~- + oy 
2a 


ox, Trx1, Ty, Fy are constant for all points of the web. 
Thus, the tensile stresses are found to follow a cos? 
distribution. (see Fig. 6). This, result necessarily 
follows from the assumption made for the lateral de- 
flection. 














a — 
~ Ox) xo 
| i O. 
' x 
b 
) " ox 





Fic. 6. Mid-plane tensile stress distribution 


For the case of a very thin web, the tension field 
theory is generally.accepted. According to this theory 
the shear stress is uniformly distributed, and the tensile 
stresses are equal to the shear stresses, thus, ¢, = 
o, = Tt. Therefore, the tensile stresses must. be-uni- 
form.. But in the above expressions for o, and oa, the 
coefficients of the cos? terms are not necessarily zero 
and, therefore, in the case of the thin web, o, and a, 
are not uniformly distributed. It follows that the 
assumed expression for w does not describe the actual 


- wrinkled surface for all cases. 


Nevertheless, test results make it appear that for 
all practical cases the cos? distribution leads to satis- 
factory results. In order to secure a reduction to the 
Wagner case, however, a constant factor of '/; is re- 
placed in the following by the factors K, and Ky. 
Thus, a check is secured on that portion of the analysis 
which does not involve the mid-plane stress distribu- 
tion. But the theoretic values K, = K, = '/2 were 
used in checking thd experimental data (Figs. 12 
through 16) which cover a wide range of web thick- 
nesses, including some webs that are perhaps thinner 
than are likely to occur in practice. 

In order to secure the factors K, and K,, replace the 
above distribution by 


wy 

Oz = (om — om) cos! —-> + on 
2b 
mx 

Sy = (ey — o,) cost + + on 
Za 


Here j = k = 0 gives a uniform distribution. 
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STRAIN ENERGY OF WEB 


The strain energy of a buckled flat plate is given as a function of the mid-plane stresses and the lateral dis- 


placement by 


a 


h , D 
V.. = ba Sf, [(o, + oy)? — 2(1 + v) (0,0, — 1?) |dx dy + — I [( Aw)? — 2(1 — v)(wz2Wy — Wzy”)] dx dy 
2E A 2 A 


in which D = Eh*/12(1 — v?) and Aw = (0°w/Ox*) + (07w/Oy?). 
The integrals of the terms in ¢,, o,, 7 are obtained as follows: 


SS: 020, dx dy = 2ae, f°, 0, dy = Aas, 
SS 4 72 dx dy = A? 

(1/A) Jf, 0,2 dx dy = 6,2 + K, (6; — on)? 

(1/A) Jf, 0,2 dx dy = 6,2 + K,(&, — o,)? 


1 b ) l b ) 2 
(5 a cos” SOLA cos! 43 iy) r l 
ih “Eg s,\* 
K, = ( 7 cos’k = ~ ax) /( f cosk * ; ds) | ot. 
aJo 2a / \a Jo 2a 


Thus, the integral of ¢,” has been separated into a part that depends only on the average tensile stress and a part 
that depends on the stress distribution. The K’s are the distribution factors. They are functions of j and k 
only. For an infinitely thin web, 7 = & = 0 and, therefore, K, = K, = 0. Forj = k = 2, K, = Ky, = '/2. 

The marginal stress o,; can be written in terms of the stiffener strain e, and the average x stress, thus: 


where 


K, 


~ 


—e, = (1/E)(e, — vé2) 
Therefore 
i = “se Sa Vor 
On = —ia + Voy 
and 
9 a] 9 or ’ K, 
(1/E2A) ff o,? dx dy = (*:) + = (2 — v8, + a)? 
oe eae sy\?  K, 
(1/E*A) ff 0,2 dx dy = E oa i (6, — vo, + &,)? 
Let 
G, T l 
f= % hein P.= 5m +00 
f (4) 
Gy 
lc “3 P, = E (6, — vez + oof 
Substituting into these expressions the values of ¢,, ¢,, and 4, 
l . ] y) 
fe ee LE(x + vy) = (€, + vey) | FP, = &x — @; F= (; cl evei)| 
1 — »? 1l+r\2 
(5) 
[c. - Ta pe LEW + 9x) — (Co + ver)! P=W-e 
SS 0,2 dx dy = E*A(C? + K,P;*) SS 0,0, dx dy = E*AC,C, 
SS 0, dx dy = E*A(C, + K,P,’) SS 7? dx dy = E*AF? 


The value of the above integrals as well as those for w can now be substituted into the web strain energy equation, 


giving 
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WEB- 
vE 

Vv, = 5 (Cz + C,)? + (KP? + K,P,?) — 2(1 + »)(C.C, — F*)) + 
4 s b a 2 - . ; 
— pe} (9 + $)? + 203-+-)0+2(/3-+-)¢+ 7°] (6) 
2 a b b a 

where v = Ah = web volume. 

STIFFENER AND Cap AXIAL STRAIN ENERGY 


For the axial strain energy of the stiffener and cap, the expressions 


V4 = (1/2)A,E,(2b)e,?2 = (vk 


2/2)R,'e,2 where R,!} = A,/(2a)h 


Vas = (1/2)A,En(2a)e,2 = (vE/2)Ry162 where R,! = A,/(2b)h 


Cap BENDING STRAIN ENERGY 


For the bending strain energy of the cap, the ex- 
pression 


Vaw/vE = (1/4)Q0'ey? (7) 
will be used. This formula is exact for a uniformly 
distributed bending load on the cap and is nearly 
correct for the cos* distribution. 


MINIMUM ENERGY EQUATIONS 


From Fig. 2 the energy of the shear load is 


/,/vE = —(s/E)vyo (8) 
The total energy is V = Vy + 2(Va4 + Vas) + Vi 
per panel. 
The independent variables are £ n, £, Yo, € €» y- 
For minimum energy dV = 0; therefore 0V/O0 = 0, 
and 


2C-x + 2Ciy + 2K,P.x + 2K,P yw -+- fod | +)? + 


b a 6.9% m oe = 
2(37 + )at2(soto)rt+e| = 4Pvar (9) 


O0V/On = 0; therefore 
4) ied 


(10) 


2C, + 2KP, +n] 2 +i +2(37+ 


Similarly, 


2C, + 2K,P, + ul 2 (n +s) + 2(3 + ‘)] ‘ Fy" 
(11) 
dV/dy0 = 0; therefore 
F=s/E 
7=-—s (see Eq. 4) 
(Eq. 10)n + (Eq. 11)f — (Eq. 9) > 


(D) 


(Eq. 12) 


a 


b b 
ul(n + §)? — 1] = 2C,= + 2C,5 + 2KP,- + 2KyPy = 


(12) 


a 
b 


b b «¢ 
al +99 -? +204 +27 (3745) + 
a5 (35+ )|- F(Fy¥ 2) 
b b a f+ y? 
27(; +o) [(n +5) +r]? +a[(2) + (5) | 
u\aYn OY 1 


; 
(Eq. 12) + (Eq. 10) — + 
a 


(A) 
OV OV OV 
de, ~~ i 
Therefore 
[1 + U(K, + Q’)Je, + ven +e, = va + (1 + URBy)e 
(13) 
vey + (1 + 2UR,')e, + ver = 2 + Ve (14) 
ey + ve, + (1 + UR,’)e, = ver + & (15) 
where U = 1 — v*, | = &x, € = Ey. 
Eqs. (13), (14), and (15) are now solved for &, €, 


and e, and the results substituted into Eqs. (10) and 
(11). 


Eqs. (10), (11), and (A) will then contain the three 
unknowns &é, n, and ¢; then 
€, = E(Dax + On) = ep (E) 
ey = &(Dyx + Ow) (F) 
é = &(Dix + OW) (G) 
eg = &(Dix + OW) 
Where R, = 1/2R,’, R, = 1/R,’, and Rg = 1/0’, 
E,=vRg Py = ReK,[(Rn + 1) X ) 


(Ry + 1) — v*] + Ro(Ra + 1) | 
E, = Rr[(Re + 1)(KyRe + 1) + Re] P, = »R, - 
E, = vR,(KyRe + 1) P, = R,(R, + 1) | 


= (K,Rq + 1)[((Ra + 1)(R, + 1) — 7) + 
RQ(R, + 1) 
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E P P 

|) ees Oo aes D, = = 0, = = 
2 a ee D D 
EF, P,, E, P, 

D — _ O, — — PP. = _ r = — 
7. 2 °* @ D D 


The above expressions are now substituted into Eqs. 


(5). 


a a —{x[1 — (Dy + »D,)] + vv — (On + ¥O,)1) 


2 is —txb — (D, + vDy)] + ¥{1 — (0, + »0,)]} 








1 
P, = tx 
P, = t(—D,x + (1 — O,)¥] 
Let 
yp= 1a Dt) y, _ r= (+0) 
er 1-» 
M, = * — Po Dm »y it (0. | + 10,) 
S,=-D, T,=(1-0,) 
Therefore 
C, = (Mix + Nw) Pz = éx ) 


. (17) 
C, = £(M,x + NW) P, - £(.S,x + Ty) \ 

The expressions for the M’s and N’s can be simplified, 
thus 


D D, 
; M,=— N;= Or M, = — 


O; 
N, = =?7 (18 
R, R, R, : a — 


Substituting the expressions for C,, C,, P,, P, (Eqs. 
(17)) into Eqs. (10) and (11). 


eA - (x44 +22) 0 
BN” a 


F 
¢ [M,x + Nw + K,(S,x oe T,y)] = _— \" ‘aim 


: (M.x + NW + K:x) = 


(x+ v+25) (11) 


Let 

G, = M,+ K,; Jz-=N, 

G, = M,+ K,S, J, = N,+K,T, 
Therefore 


F 
E (Gax + Je) == fh (x tv +22) (10) 
u BN” a 


F 
£ Gix + Jo) == oft (x tv +25) (11) 
MB "a Fe b 


GB + J; , 
Eq. (6)/Eq. (9) - 11 =: = B 
g. (6)/Eq. (7) gaa” * (B) 


Where 
= x/y¥ (19) 


Jas 20/0 (F/u) V¢/n 
, ~ Ix tv + 2(a/b)] — (F/u) Vn/t 


From Eq. ( 


(20) 





VE peer so) 


A) 


¢ ¢ 
n= ——_— (= —— (21) 


1+ cot? a 1 + tan’ a 
Eqs. (A), (19), (20), and (21) give p as a function of 
8, F/u, and b/a through the parameters a, ¢, n, and ¢. 
The equation 


y= 9 (B, F/u, b/a) 


which has been plotted on Fig. 17 is especially im- 
portant since it involves neither the stiffener properties 
nor the stress distribution factors K, and K,. This 
equation, which is equivalent to Eq. (1), gives, in effect, 
the wave length \» in terms of the wave angle a, the 
thickness ratio A/h*, the panel ratio b/a, and the load 
ratio 7/E. 

Substituting the values of C,, C,, P,, and P, (Eqs. 
(17)) into Eq. (12) 


& =[(u/2)(¢? — r?)]/(Fix + Fy) (C) 


where 
F, 
F, 


(b/a)G, + (a/b)G, 
(b/a)Jz + (a/b) J, 


II 


CRITICAL CONDITION 


The web is in the critical condition when the wave 
amplitude fis zero. Therefore &, = 0 (Eqs. (1) and (2)). 
From Eq. (C) 


o=rf (32) 
From Eqs. (6) and (7) 
(Fe/u) VEe/me = Xe + He + 2(b/a) 
F./u-Vne/be = Xe + We + 2(a/d) 











TF ies ts Re oe + ¥- + 2(a/b) 
ie © Xe + ve + 2(b/a) 
Xe + v= +r=2r= 2[ (a/b) +. (b/a)] 
si af FO ig 
2(b/a) + (a/b) 


(F./u) tan a = @ + 7 + 2(a/d) 
Therefore 


F./u = 2V [2(a/b) + (b/a)][2(b/a) + (a/b)] (34) 











~. |@ 


m 


TI 





— 


if 





WEB-STIFFENER COMBINATIONS 33 


PRINCIPAL AVERAGE WEB STRESSES 


From Eqs. (17) and (4) 


= (Mix + NeW) 7 = Mx + NW) 


The principal stresses are given by 


f-(@+2)2-VO+1E-D/I 


The angle of principal stress is given by 
tan 20, = 21r/(o, — o,) 
Therefore 


G12 £ re? yr 
pe (Vex + V,'y) * 


[F +2 (Wr'xt W,) | (22) 


—F 
tan 20, = (23) 
. (é/2)(W, x + W, v) 
where V,’ = M, + M,, W,'’ = M,z — M,, V,’ = 
N, + N,, and W,’ = N, — N,j. 





WEB BENDING STRESSES 


In a distorted flat plate the principal bending 
moments are 


M, = D(B; + vfs) M, = D(B2 + vB) 


The principal curvatures 6; and #2 are 





1 e's 
B12 = 9 cc + wy) + V (wre — Wy)? + so? | 


At the center of the web, x = 0,y = 0. Then 


2 


oe we. = J Ears 
f Ax f AY ; A V nf 
Also 
D 
M,2= = g + v)(Wrz + Wy) + 





(1 — v) V (Wer = Wy)” + i 


_ wfD 
ae 


g + »)(x + ¥) = 





(l—») V(x — y)? + int | 
The bending stress is given by 
one = *[hE/2(1 — v?)D)Mi2 


P h? jx+¥ 
E ai yee _ .t 


| -)+ ava | (24) 





oo 


v 


The angle of principal curvature is 


Qwey Q~/ ne 
tan 20, = 4 tan 26, = 2V nt (25) 
x= 


Wer — Wyy 


In the equation for o,;,2/E, use of the plus sign within 
the braces gives the maximum bending stress (o»)), 
while use of the minus sign gives the minimum bending 
stress. 


STIFFENER BENDING STRESSES 


The shear per inch along an edge parallel to the 
YZ plane, Fig. 7, denoted Q,, is 

oM,, . 0M,* 
= - +4. - 


), 
‘ oy Ox 


where 





o* ) O*w oO” ’ 
M,=—D(l1-—»)—— M,=- D(ss 4 =) 


dx dy dx? Oy? 














of 
ri she 


Fic. 7. Stiffener loads. 


M,z is the torque per inch on a plane parallel to the 
XZ plane, while /, is the moment per inch on a plane 
parallel to the YZ plane. Then 


Aw = 2fpm sin px cos qy sin (mx + ny) + 
2fgn cos px sin gy sin (mx + ny) — 
f(p? + g? + m® + n’) cos px cos gy cos (mx + ny) 
— Q,/D = 2fp?m cos px cos gy sin (mx + ny) + 
2fpm* sin px cos gy cos (mx + ny) — 2fpqn X 
sin px sin gy sin (mx + ny) + 2fqmn cos px X 
sin gy cos (mx + ny) — f(p? + g? + m*® + n*)X 
[—p sin px cos gy cos (mx + ny) — 
m cos px cos gy sin (mx + ny)] 


For the right- and left-hand edges 


x = =n/2p 


* This M, bears no relation to the M; used elsewhere. 
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Therefore 


ies 
fpD 





+= (p? + g? + 3m* + n*) cosqy X 
cos (+am + ny) + 2qn sin gy sin (am + ny) 


Use the top sign for the right-hand edge of the web 
and the bottom sign for the left-hand edge. 
Substituting the dimensionless ratios (Eqs. (1) and 


(2)) 


o/h , 0 ! 
: oa Qzx/h =| (xt y) — 2 7 |oos5 50°85 x 
. 2 : 


a. 9 .. 8 
(22 ee +s) )  agffr sin’ Zo" 5 * 
by ‘) 
(y2: ot Ys" 
4 w Qzr/h _ 


- + y) 22] = 2 wos X 
e — 3 Ss cos — 
a V/0 E 7 a 2b 2 


(y: "+2 *y in 8D 
= a = 
~ yi bead 3 


where w, = 3/n? (1 — v’) 2 (a, ma, 


If the two panels adjacent to a stiffener are the same 
and are subject to the same shear load, then the total 
bending load upon the stiffener will be Q; = Qzr + Qzz 
or 0, = Qze — Qz, depending upon whether the two 
panels buckle in the same or opposite modes. 

A consideration of the above expressions suggests 
that the following simplified formula will be useful 
in designing stiffeners for bending: 


./h b . Js aa 
eit - uy’ (a, +> a2) sin rays? (26) 


where aq, = ¢ + 7 + 2n and a = 2V/ (a/b)¢. 


For design purposes the stiffener is considered as a 
beam column as shown in Fig. 8. z is the eccentricity 
of the axis of the stiffeners with respect to the mid- 


plane of the web. od 
Qem/hE = 4ur/(bJa)E (a, + a2) 
= 4bV/(a/b)(1/5) 


SINE CURVE 





Xf 


Fic. 8. Stiffener loading assumed for design. 


For a beam-column subject to a sinusoidal loading 
the maximum bending moment is found to be 


2% ’Qam ca Mo 





Ma ans Santi ta 
a? — (L?/ 72) cos (1/2)(L/7) 
where 
L = length 
My, = bending moment applied at ends 
Pi = moment of inertia of beam-column 
P = column load 
j = WEI/P 
Qrm = Maximum load/in. of sinusoidal distribution 
Thea M.. = Zea, Me = oAz, and L/ij = 
/(L/p;)*(o,/E), where 
Z = section modulus 
o,» = maximum beam-column stress 
p, = radius of gyration = +/J/A’ 
Therefore 
L?*Qem M 
Zow a Cs . ee stig - P 
mw? — (L/j)?_ cos (1/2)(L/7) 
L = 2bv/(a/b)(1/k) 
kL? C.,,/h A,2 Gy 
Tm Z E 4 Zs 
E (ys 1 L 2 oy 
— - cos 
Ps E 2 Ds E 
For symmetric stiffeners, z = 0 and 
hL? Qem/h 
Ow z E (27) 


E- «* — (L/p,)*(o,/E£) 
TORSIONAL STIFFENER LOADS 


Torsional loads are produced upon the stiffener 
through the action of the shears Q,, and Qzz, Fig. 9. 
From the equilibrium of moments, 




















Fic. 9. Torsional stiffener loads. 
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dTs/dy = Ozr + Ora, (28) 


Thus Q, produces both torsion and bending stresses. 
Since these two stresses act together in making their 
contribution to the failure of the stiffener, design 
charts will be computed on the basis of bending and 
compression only. Torsion will be taken into account 
by choosing a sufficiently low allowable stress. 


TENSION FIELDS 
It is of interest to examine the case where (h?/A) — 
0, F, and A remain finite. From Egs. (1) and (2), 
pw = [x?/6(1 — v?)](h?/A) 
Therefore » — 0 and F/u— oa. 
In Eq. (A) 
(b/a) cot a + (a/b) tana > 0 


a and b are bounded, therefore ¢ — ~. \ = WA/¢, 


therefore \ — 0. Therefore 
1? © el. baad tre = 677 
[7 © ya “x tye 


From Eq. (A) 
2(F/u)[(b/a) cot a + (a/b) tan aj > ¢? 
F is ¢? i 
uw = 2[(b/a) cot a + (a/b) tan a] 
From Eq. (B), 


Le (F/u) cot a 
@ — (F/u) tana 


, ? cot a 
2 (b/a) cot a + (a/b) tan a 
1 +2) tan a 
2 (b/a) cot a + (a/b) tan a 
— cot? a 
B — (n/t) — tan? a 
Therefore 


p— 1/8 
Eq. (B): 
(GB + Jz)/(GyB + Jy) > (1/8) 
GB? + (Jz — G,)B — Jy 0 
Refer to Eqs. (16) and (18). Since K, = K, = 0 


DG, = R, + Regt 1 DJ, = 
DG, =v DJ, = Ry +1 
Therefore 


(R, + Ry + 1)6? — (Ri + 1) = 0 
B? = (R, + 1)/(R, + Rg + 1) 


tan?a = V(R, + 1)/(R, + Ro +1) (29) 


If the cap has infinite bending rigidity, Rg = 0 and 


tan? a = V(R, + 1)/(R, + 1) (30) 
In reference 5, p. 29, Wagner gives 
sin?a = VYa?>+a-—a 
where 
1 + (hS/2Fy) 
ag eae = an 
(ts/ F,) ne (hs/2Fy) 
and where 
h = girder height 
S = web thickness 
Fy = cross-sectional area of one cap 
F, = cross-sectional area of one upright 
t = spacing of two uprights 
In the present notation hs/2F, = R, and ts/F, = 


R,; therefore 





1+ R, 
_= 
7 ee 
Also 
Ya +4-a4 
tan* a = ——\ 
l—-~va’+a+ta 
1+ R, 
tan? a = 1; ~ = | A= = = = a. 
. \ i+ oon dict 


which is the same as Eq. (30) 
From Eq. (A) 


b " 
Y p> F - cota + = ten a 
2 a “>. 
From Eq. (C) 


F (: poe Nee 
CO - Tan 
P cc a a (31) 


1 b 
bad) = pag Pe pe 
o(F, sin? a + F, cos? a) 





Therefore §— 0 since ¢— ©. From Eq. (24) 


Opi, 2 ma fy 
——S = + the t+ 
E ry! se - —v 
1 — r : 
— (sin? a — cos* a) ++ 2 sin a cosa 
1. 


Vv 


1 
4 


The quantity in the braces is finite. 


-. — eee 
hee aa Fe - 


12 b a 
-(1 = VF (Zot a + = tan «) 
3 a b 
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which is finite. Therefore, (o,:,2/E) — 0 since § — 0. 





From Eq. (22) 
a 1 
oe £¢(V,’ sin? a + V,’ cos? a) + 
- pes 
F +s — (W,’ sin? a + W,’ cos? a 
Therefore 
nvV/E 1& Pr a 
G/E a Rp Ms sin? a + V,’ cos? a) = 
E +5 =e | (W,’ sin? a + W,’ cos? «| 
From Eqs. (15), letting H’ = R, + 1 and V’ = R, + 
Rg + ie 
D= H'yV' — »? tan? a = +/H’/V’ 
b a ~V/H’ 
DF,=-V'+-p sin? a = i 
a b 8 VV + VHT 
b V/V! 
DF, =-v+- 5H’ cos? a = —— = 
- - wuts VV! + VH’ 
b a b 4/V’ . a 4/A’ 
cota tstana =? ae a 


b 
- V’+-yp 
; a b VH' 
F, sin? a + F, cos? a = HV’ — V/V 
sin? a y COS? a Va + + VA? 
- oH’ 
Se ae a 
H'V' — PSV’ + VW 
WH'V’ 
~ SHV — )a/V' + VB * 





Therefore 


b a 
-cota+-tane 
a b 





— (VH'V’ — v)(VSV’ + VV" 
F, sin? a + F, cos? a WH'V’ 
From Eq. 31 
fp _ (VH'V’ — v) V/V! + VA’) 
F VH'V’ 





1 
WH'V’ —» 


V,’ sin? a + V,’ cos? a = 
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lee 
VV! + VH' VH'V’ —» 
Perera i l 

5 p (Ve sin a+ V,’ cos? a) =3 (Vert \; 7) 


l l ; 
se (Wy sin? a + W,’ cos? a) = (Vr -4 — 4- Fn) 
4/ ] , 


Therefore 
31,2 77 
=3(Vir+ Vr)* > (Virt Vv) 


&,/7 = tana + cota 


W,’ sin? a + W,’ cos? a = 


52/7 = 0 


COMPUTATION PROCEDURE 


When all the dimensions and the shear load are 
known, the panel constants can be found by simple 
substitution into the following formulas in the order 
given. After G,, G,, J;, and J, have been found, 
(B) can be plotted on the graph of Eq. (A) for the 
proper value of b/a. Using the proper value of F/y, 
the values of 6 and ¢ can be determined. These are 
substituted into Eq. (C) to find & The remaining 
quantities can be evaluated by substitution. 


Single Panel 


The formulas apply to the case of a single shear 
panel bounded on four sides by stiffeners having in- 
finite bending rigidity, except that 


R, 5 


2A, Re = 0 


Set of Panels 


The formulas also apply to a checkerboard of panels 
except that 
A, 


R, ==> 


ee 


Nonhomogeneous Construction 


The formulas have been set up for the case where 
all portions of the beam are of the same material. 
However, if the caps and stiffeners are of different 
material from the web, multiply R, and Rg by E,/E, 
and R, by E,,/E,, where E,, E,, and E, are the moduli 
of elasticity for the web, caps, and stiffeners, respec- 
tively. 


PANEL CONSTANTS 
R, — A,/2A) H= R, + 1 a == K, = 1/, 
i ad, 
aan ey = K 1 
R, = A,/A, V =R,+1 





Vs ( 
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E, = R,( VQ + Rog) P, = vR), 
E = wRo P, = Ro[K,(HV — v?) + A] 
E, = »R,Q = RH D = Q(HV — v*) + RoH 
E, E, E, P, P, P, 
—— , =: = — ), = 0, = O, = 
ane D=D eo ~~ > ee D 
D D, - 
dag las bok Sn als G. = M.+K, Ie = Ni 
O, P Oz : Pe ‘ 7 
N, = R N, = R T, =1-0, G, = M,+ K,S, J, = N, + K,T, 
y, = Ge Te v= M+ M, Ww.’ = M.—M, 
a b 
; b a : ™ ‘ 
Ra ted V,’ = N,+N, W,’ = N,-—N, 
a 
If R, — 0 or R, — 0, the following must be used: 
pee E, + E, ee 1 — (D, + »D,) “er v — (Or = vO,) 
D 1 — pv l-—v 
ea Py, + P, a a y— (D, - vDy) i si 1— (O, + vOn) 
D 1 — pv 1 — vr? 
( F /b a ; b\? a\? 
2 ( cot a + — tan x) =(¢+7r)?+ | ( ) +/( ) | (A) 
uw \a b a b 
G,B + J; o¢+r ¢+r 
a (B) x = ; y= — 
Web Parameters { G,B + J, 1+ 1/8 1+ 
u/2(¢? — r?) b a 
= — -_ £ & = — = _ 
f Fx + Fw (C) i fa f=y b 
{ yo = 2((1 + v)F + EW/nt] (D) average shearing strain 
(a= E(Dix + On) (E) cap axial strain 
Stiffener Parameters e, = &(Dyx + OW) (F) cap bending strain 
e, = &(D.x + Ow) (G) stiffener axial strain 
; ( G12 g oP ry g ry r,? 9 
Principal Average E 2 (V2'x + V,'p) =| F ++ 5(W,'x + W,'p) (22) 
Mid-Plane Stresses } ) ‘ 
| tan 26, = —F/{(¢/2)(We'x + W,'¥)] (23) 
( Opi, 2 e, {xte l ab 
—— = ot — F 4 = —__ [(x — ») + 2 
Center Bending Stresses 4 E 1: .*¢.. oa U v Vat) 
| tan 26 = 2W/nt/(x — W) 
Qzm/h = wy! (a; + dz) a4=¢o+r+2n 
E a 
Stiffener Bending ; hL* Qem/h A,z 0, _ aal?> 
i Zz. ZE ites 
EB nr? ers cos = (L\? 6 oa - 
an = —}) — L = 20@/-- 
\ Ps BE 2 (*) E b f 
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Half Wave Length r = VA ry 

Wave Angle tana = Wn/t 

Wave Amplitude f = (4/r)hV(A/hE 

Cap Axial Stress on = Be 

Stiffener Axial Stress oy = Fe, 


The following relations also hold, although they are not ordinarily required: 


¢=ntf 


n = sin’? a 


¢ = ¢cos? a 


CRITICAL CONDITIONS 








1, = A/d (32) 
where d = length of panel diagonal and \, = critical 
half wave length. 

2(a/b) + (b/a) 
tana, = y (a, ) + (6, w (33) 
2(b/a) + (a/b) 
F, 


we 2V [2(a/b) + (b/a)][2(b/a) + (a/b)] (34) 


ADDITIONAL APPLICATIONS 


With only slight modification the theory can be made 
to apply to a number of additional aspects of the shear 
web problem. For example, the loads tending to 
produce tension in the web-to-stiffener rivets can be 
calculated from the stiffener bending load formulas. 
Loads on web-to-cap rivets can be obtained from the 
web stress formulas. 


DIMENSIONLESS RATIOS 


A number of dimensionless factors relating to shear 
webs have come to light in the course of the analysis. 
Of particular importance is the thickness ratio, h?/A. 
This quantity is the primary measure of the ability 
of the web to resist a shear strain by diagonal com- 
pression, although the other ratios (b/a, R,, Ry, Re, F) 
also have an influence. 

It is noteworthy that the degree to which a web is 
shear resistant depends not’ simply on its thickness 
but on the ratio of the square of its thickness to its 
unstiffened area. Thus, a thick web with a large 
unstiffened area may actually be closer to the Wagner 
case than a thin web having a small unstiffened area. 


TEST RESULTS 


In the following applications of the theory, the only 
experimental constants used are Young’s modulus and 
Poisson’s ratio. . 

Figs. 10, 12, and 13 relate to a shear panel test con- 
ducted at the Douglas Aircraft Company.* Fig. 10 is 


B = x/p 
(x + vy) + 2( ‘a) — (F/p) cot a 
(a+ py) + 2(a/b) — (F/p) tan a 


a photograph of the test setup. The specimen was a 
19 by 28'/2 sheet of 0.064 24ST aluminum alloy. Strain 
measurements were made with electrical strain gauges, 
while wave lengths and depths were roughly measured 
with a straight edge and scale. 

Load was transmitted into the sheet through a system 
of levers such that the horizontal web shear was 0.912 
times the jack load. Note that the specimen shown 
in the photograph is not the one referred to here. 
The actual panel was unstiffened except for the support 
provided by the jig members which are considered 


infinitely rigid. 


i oe a 


4 
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Fic. 10. Photograph of Douglas shear panel. 
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Fic. 11. Effect of damping upon wave length. 
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Fic. 12. Wave lengths and amplitudes. 
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Fic. 13. Principal average stresses. 


Fig. 12 is a comparison of wave lengths and depths 
as determined by calculation and from test. Actually, 
the quantities measured in test were different from 
those that were calculated because of the effect of 
damping; consequently, the test values should be, and 
are, smaller than theoretic. Thus, Fig. 11 is a cross 
section of the web taken through its midpoint and per- 
pendicular to the wave direction. It shows a possible 
configuration of the buckled surface. The theory 
gives \ and f, while \, and f,, which are smaller, were 
measured in test. It would be possible to obtain A 
and f theoretically, but it would be necessary to draw 
a contour map of the entire buckled surface. Note 
that this effect becomes negligible at higher loads 
because \ decreases. 

Fig. 13 is a comparison of principal stresses deter- 
mined theoretically and experimentally. Rosette A 
was located at the center of the panel, while Rosette B 
was located in the corner 6 in. from either edge. Be- 
cause of its position, Rosette B gave stresses that were 
probably about average for the panel. The theoretic 
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Fic. 14. Beam web strains on a 45° gauge line approximately 
parallel to the direction of principal tension. 
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Fic. 15. Stiffener axial stresses. 
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Fic. 16. Stiffener axial stresses. 


STRESS 


stresses are average. The curve marked P/A, is 
the shear stress computed from the dimensions of the 
panel. Notice that the shear stresses given by both 
Rosettes A and B are approximately the same, in 
agreement with the theoretic assumptions. 

The lines marked ‘‘yield” in Figs. 12 and 13 give the 
shear load at which both the load-deflection diagram 
and the strain gauges began to depart from linearity. 
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Fic. 17. Graph of Eq. (1) for b/a = 1'/s. 


In addition to the Douglas company data, the results 
of certain tests on thin web beams are available for 
analysis. Figs. 14 through 16 relate to these tests. 
Thus Figs. 15 and 16 give calculated stiffener stresses, 
while Fig. 14 gives the web strains computed on a 45° 
gauge line (approximately parallel to the direction of 
principal tension) at the panel midpoints. The 
formula used in the latter case is 


Mt. an a am ah, + gh) + F 
i> 8345" ’ 


where 
A, = (2 — v)V,’ + (D, + D,) 
B, = (2 — v)V,’ + (On, + O,) 


Since this formula is of no direct practical significance, 
its derivation has not been included, but it follows 
readily from the expressions already given for mid- 
plane stresses. 

Figs. 14, 15, and 16 were originally intended to 
present a comparison between test and theory. Un- 
fortunately, the test data have been classified as 
“restricted’’ and are, therefore, though available to 
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the industry, unavailable for publication here. How- 
ever, the agreement obtained was, in nearly all cases, 
within the experimental error for loads below the 
yield. Above the yield, the test points deviated from 
the theoretic curves, but this is an expected result 
since the analysis is based on the assumption that the 
structure is elastic. It is thought that for design 
purposes this effect can be taken into account by using 
a modified value of Young’s modulus or by choosing 
suitably low allowable stresses. 

The agreement obtained for the very thin webs and 
for the heavier webs was equally good. Consequently, 
it appears that the analysis is valid for as wide a range 
of web thicknesses as is likely to occur in practice. 

In making the computations for the beams, all of the 
applied shear load was assumed to be carried by the 
web. No deductions were made from cap and stiffener 
areas to allow for rivet holes. 


CONCLUSIONS 


The foregoing comparison between theory and test 
indicates that wave lengths, wave amplitudes, web 
principal stresses, and stiffener axial stresses can be 
computed for loads below the proportional limit with a 
degree of accuracy satisfactory for-design and analysis 
purposes. No experimental constants, other than 
Young’s modulus and Poisson’s ratio, are required. 
The remaining features of the analysis await further 
experimentation. 

It is expected that the theory will be readily ap- 
plicable to the construction of charts for the design of 
stiffened shear webs. 
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Loss in Aileron Effectiveness Because of Wing 
Twist and Considerations Regarding the 


Internal-Pressure 


Balanced Aileron 


REINHARDT ROSENBERG* 


Bell Aircraft 


SUMMARY 


The treatment of internal-pressure balanced ailerons in flutter 
analysis is indicated, and the conclusion is reached that, in contra- 
distinction to Frise-type aileron balance, this type of aerodynamic 
balance does not affect the expressions for oscillatory wing lift 
and wing moment. 

From a variation of conditions of aileron reversal, expressions 
for loss in aileron effectiveness at lesser speeds have been derived. 
It is shown, and substantiated by flight-test data, that deviations 
from two-dimensional flow are considerable and that past 
methods of computing aileron reversal speeds are highly con- 
servative. Improvements on present methods are given and 
comparisons with flight test results are illustrated. 

In many respects this paper was suggested by Shornick’s 
paper,® but the solution for loss in maneuverability below the 
aileron reversal speed and the deviations from the ‘‘flutter equa- 
tions”’ are new. 


INTRODUCTION 


oo OF present-day high flying speed and the re- 
sulting requirement of good maneuverability at 
these speeds, as well as the development of new and 
more effective ailerons, it is desirable to: 


(1) Submit past methods for calculating aileron re- 
versal speeds to a critical review. 

(2) Develop methods for calculating loss in aileron 
effectiveness below the reversal speed. 

(3) Develop methods for the treatment of new types 
of ailerons in flutter analysis and the analysis of associ- 
ated phenomena. 


THE INTERNAL-PRESSURE BALANCED AILERON 


Although the internal-pressure balanced aileron is 
aerodynamically balanced, it cannot be directly treated 
by the methods developed by Kiissner! as the following 
reasoning will show. 

The conventional aileron with aerodynamic balance 
and the skeleton line by which it is replaced in Kiissner’s 
analysis are shown in Figs. la and 1b. It is clear from 
flutter theory, as well as from Fig. 1, that the forces 
acting on the entire wing, defined by Theodorsen? as P 
and M,, are influenced by the fact that the aileron 
hinge is aft of the leading edge and that, thus, the 
aileron leading edge is in the air stream. This is also 
true for the aerodynamically balanced aileron with 
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Corporation 
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Fic. la. Wing with conventional aileron and aerodynamic 
balance. Fic. 1b. Skeleton line replacing wing-aileron combi- 
nation shown above in flutter analysis. 
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Fic. 2a. Wing with conventional aileron and aerodynamic 
balance, but gapis sealed. Fic. 2b. Skeleton line replacing wing- 
aileron combination shown above in flutter analysis. 


sealed gap, shown with the skeleton line replacing it in 
Figs. 2a and 2b. 

The internal-pressure balanced aileron and the skele- 
ton line replacing it for the determination of P and M,, 
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Fic. 3a. Wing with internal pressure balanced aileron. 
Fic. 3b. Skeleton line replacing wing-aileron combination 
shown above in flutter analysis for the determination of oscil- 
latory aerodynamic lift and moment acting on wing. 


but not Mg, are shown in Figs. 3a and 3b. It is obvious 
without rigorous analysis that the lift and moment 
forces acting on the wing are not influenced in any way 
by the aileron structure hidden within the wing and 
that these forces would remain unchanged if the 
aileron foreward structure were altered as indicated by 
the dotted lines in Fig. 3a. It is thus evident that, for 
determining the oscillatory wing lift and wing moment, 
this type of aileron acts as if it had no aerodynamic 
i.e., as if its leading edge were located at the 





balance 
hinge line. 

It is clear, on the other hand, that this reasoning does 
not hold for the computation of moments on the aileron 
about the hinge, Mg, since it is the purpose of the in- 
ternal-pressure balanced aileron to reduce hinge 
moments. The theory of this type of aileron as it 
affects flutter theory has not been developed as yet. 
Therefore, the best procedure available for computing 
Mg seems to be to determine (1) the distance between 
aileron leading edge and hinge and (2) the distance be- 
tween wing mid-chord point and aileron leading edge 
from an equivalent, conventional aileron which, for 
small deflections from neutral, has similar hinge mo- 
ments as the internal-pressure balance aileron it re- 


places. 


AILERON REVERSAL 


The phenomenon of aileron reversal may be explained 


as follows. 

Deflecting an aileron down (for instance) will in- 
crease the lift and, therefore, the angle of attack of a 
wing. The deflected aileron will also cause or increase 
an aerodynamic torque on the wing’ about a spanwise 
axis. This torque is in such a direction as to produce, 
in a wing of finite stiffness, twist decreasing the angle of 


attack. The force resisting this torque is caused by 
the torsional stiffness of the wing and is thus inde- 
pendent of the forward speed. Since the aerodynamic 
torque is approximately proportional to the square of 
the forward speed of the airplane, it is clear that at 
some speed the change in angle of attack due to aileron 
deflection is equal in magnitude and opposite in sign to 
the change in angle of attack caused by twist. This 
speed, at which no change in lift will occur when the 
ailerons are deflected, is defined as the aileron reversal 
speed. 


NOMENCLATURE 


The nomenclature used in this paper follows closely that used 
in references 2, 4, 5, and 6. (Standard aerodynamic symbols 
will not be defined here.) 


P = total lift acting on the wing in pounds 

Me = total aerodynamic torque about the wing elastic 
axis in pound-feet 

a = distance of wing elastic axis from mid-chord point 


in terms of the wing half chord (positive when 
aft of the mid-chord point) 

b = wing half chord in feet 

wing half chord in feet at theoretic tip 

bp wing half chord in feet at root 

c = distance of aileron leading edge from wing mid- 
chord point in terms of the wing half chord (posi- 
tive when aft of the mid-chord point) 

e = distance of aileron hinge line from wing mid-chord 
point in terms of the wing half chord (positive 
when aft of the mid-chord point) 


bp 


I] 


a = torsional angular displacement of wing in radians 

Qs = absolute angle of attack of wing in radians 

ap = torsional angular displacement at tip in radians 

ar[fe(y)] = torsional angular displacement at y in radians 

B =6 = rotation of aileron with respect to wing chord in 
radians 

w = flutter frequency in radians per second 

Io = distance from the centerline of the ship to the wing 
root in feet 

L = distance from the centerline of the ship to the in- 
board end of the aileron in feet 

LI, = distance from the centerline of the ship to the out- 
board end of the aileron in feet 

L; = distance from the centerline of the ship to the wing 
tip in feet 

L = wing semispan in feet 

V = air speed in feet per second 

Ve = aileron reversal speed in feet per second 

My» = the value of m at Vz feet per second 

MnvR = the value of m at n Vp feet per second 

(I.C.) = inertia couple 


(D.M.) = damping moment 

(R.M.) = rolling moment 

I = moment of inertia in slugs-(feet)? of the entire air- 
plane about the axis of roll 

= density of air in slugs per (foot)* 


> 
| 


k = da/dB = rate of change of angle of attack with 
change in aileron angle 

6 = roll in radians 

t = time in seconds 


T’s are defined in reference 2 
¢’s are defined in reference 1 
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FORCES AND MOMENTS ACTING ON THE WING 


Theodorsen? derived the forces acting on an oscillat- 
ing airfoil which Loring* presented in the following form 
(slightly rearranged here): 


dP a 
hy = —pb*[w *Aa(5 ) + w7A .ga(a) + w?A.g(8)] (1) 
dM. f h 
a = — xpb [otal 5 + w*A ga(@) + w*Age(8)] (2) 


These expressions can be reduced to nonoscillatory 
conditions by letting w approach zero. 


lim(w?A ~) = lim(w*R~ + w7J.,) = 0 
wow w—>0 


lim(w?A .4) = tae" Rea + w*D ea) = 2V?/b? (3) 


a0 


lim (w*Ap) = lim(w*Reg + w°Leg) = (2V2/b*)(Tin/n) 


wd 


Substituting Eqs. (3) in Eq. (1), 


no — 2p V*( ba +p a) (4a) 
wo—0 dy T 

When appropriate values for c are substituted in 7 as 

defined in reference 2, Eq. (4a) holds for (1) Frise-type 

ailerons with open gap and (2) internal-pressure bal- 

anced ailerons. These two instances will be referred to 

as Case I. 

An equivalent expression for aerodynamically bal- 
anced ailerons with sealed gap, referred to as Case II, 
is obtained (by making use of Kiissner’s! expression for 
kd in place of kd): 


i ~ ~euben 4 ee 2 (¢ a a) jal (4b) 
wo—0 dy \ T f 

(e and ¢ correspond to Kiissner’s —cos xz and —cos ¢. 
(e — c) is the distance between aileron leading edge and 
hinge, divided by the wing half-chord.) 

The rolling moment for the entire airplane can now 
be written by integrating Eqs. (4) over the half-span, 
by multiplying them by a factor of 2 to account for both 
wings, and by including the moment arm y. Thus, for 
Case I, the rolling moment 


(RM.) = —4xpV? A " LoyasthO + oye dy (6a) 
and for Case II, : 
(R.M.) = —4npV? Jo {overt fion > 

[2 -Se— 0 foal ay Gow 


An instructive check on the equations for rolling mo- 
ment can be had by neglecting the wing twist term and 
writing the expression for the rolling moment due to an 
aileron deflection £. 


a 
Ia ~nel “| . -Fe-4] / by dy 
Tv Tv Li 


(6a) 


Pearson and Jones® give the rolling moment due to an 
aileron deflection 6 as 


Lawerons = CisdgSb (6d) 
In the terminology of this paper Eq. (6b) becomes 


(R.M. )ateron - Ms ———————- 2K 


ies P(e bi a | 
T 3, 
& :.2 ~ (e —¢) joe fr b dy f dy 
T Le 


and Eq. (6a) becomes 
$1: mF on 
° — “He — olf by dy (8) 
T Ii 


Combining Eqs. (7) and (8) 


La l 
“fs by dy = — ——_— X 
Li | Ti = hs, " | 
at ee (e — ¢) 
T 


T 


“Le L: Ls 
f(y) ay f b ay f dy 
JZ Li Le _ 
Ls 
f f(y) dy = —— Gs _—— 
Ii Tw dis , 
Pe ——(e— | 


T T 


r 
ae —8raA} 
T 


where 


But (for a wing of uniform taper and square tips), 
b = br + [(be — br)/L)y (10) 


Substituting Eq. (10) in Eq. (9) and integrating, the 
following relationships are obtained: 


[Cis] 5 inka 
te $13 [Be 2%] - iJ, @ y) dy 














=e 
(11) 
f(y) 5 ee : R ~ a 
he. de 7,07 +) (a9 
gon 
th a [T10 se — c)] x 
[at — Lat) + at — 19] (19) 


Ci, was calculated from Eq. (13) for a wing with parame- 
ters as follows—AR = 6; br = 0.5, be = 1.0; L = 
4.5; c = .54—and is shown graphically by the solid 
curve in Fig. 4. The dotted line in Fig. 4 shows values 
of Ci, for a similar wing, obtained from Pearson and 
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WING STATION 


Fic. 4. Rate of change of rolling moment coefficient C; with 
aileron angle. (Dotted line gives exact values; solid line is 
based on two-dimensional flow, straight taper, and square wing 
tips.) 


Jones paper. Over the inboard 70 per cent of the 
span, the two curves show fair agreement. Actually, 
rolling moments due to aileron deflection, computed 
from the two curves in Fig. 4, show large discrepancies. 
Assuming the aileron to extend over the entire wing 
half-span, rolling moments calculated from Eq. (13) are 
46 per cent larger than those based on Pearson and 
Jones’ values. Assuming a case more nearly repre- 
sentative of present-day airplanes—namely, an aileron 
span equal to 50 per cent of the wing half-span—Eq. 
(13) yields a rolling moment 78 per cent larger than the 
value based on Pearson and Jones’ work. 

In determining the stability derivatives, Pearson and 
Jones took into account nearly all factors known to in- 
fluence the results. It will, therefore, be assumed that 
their values are correct and that reference 5 is useful to 
check the ‘‘flutter equations’ as applied to computing 
rolling moments. On the basis of reference 5 it is con- 
cluded that rolling moments, calculated on the basis of 
equations fundamental to flutter theory, are far too 
large. The straight tapered wing plan form and the 
square wing tips will account for some of this discrep- 
ancy. Of these, the latter has, undoubtedly, the greater 
effect. However, Hanson?! has shown that the extreme 
error in aileron reversal speed, when an elliptical wing 
is replaced by one with uniform taper and square tips, 
does not exceed 9 per cent. The fundamental cause for 
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the excessive values obtained from Eq. (13) will be 
more fully discussed later. 

Loss in aileron effectiveness is calculated from a 
variation of conditions maintaining at the aileron re- 
versal speed. It is, thus, necessary to calculate the 
aileron reversal speed. Since aileron reversal is caused 
by aerodynamic torque about the wing elastic axis, 
given in Eq. (2), this equation will be written for non- 
oscillatory conditions. 


lim(w*A gn) = lim (w*Ra, + wT.) = 0 ) 
w—>0 w 0 | 
lim (w*Aga) = lim (w*Rga + w*Lea) = 
—0 w—0 | 
9V2 
pe (7/2 + a) 

, i ; "4 (14) 
lim (w*Agg) = lim (w*Ryg + wag) = 
wt) aw) 

2V? T 

1/,Ags— — - (1/4 +a) = 
b? T 





2V?777.+ T: T: 
“a & en —(/2+ a) | 
b? vg } 


2r 


Substituting Eqs. (14) in Eq. (2), for Case I, 


. aM, 5s of , 
lim —— = —2rpV*b?é (1/2 + a)a+ 
w—>0 dy | 
T T T 
Qn 7 f 


Integrating and proceeding to the limits from Lo to y, 


<r 
lim M, = —2xpv f b*) (1/2 + a)ar[fo(y)] + 
Lo 


w—>0) 


y i=. 7; : : 
ee : (/.+a) |p dy (15a) 
2a T f 


By using Kiissner’s! terms kj and mj for kj and mj the 
aerodynamic torque for Case II becomes: 


lim M, = —2epv? f ped (1/2 + a)ar[ fo(y)] + 
w—>0 Lo | 
T. r ig f 
| at 5290), 404+ Se- 
T 


2r T 2 


oo, — c)(/2+ a) [st dy (ldb 
et f 


As pointed out earlier the twist caused by the aero 
dynamic torque is resisted by the elastic properties of 
the wing. Using the coefficient of torsional rigidity 
Crp as defined in reference 6, the angle of twist at the 


wing tip 
“Ls 
a= f (M./Crr) dy (16) 


Lo 


and at a distance y from Lp» the angle of twist 


y 
ar fo(v)] -f (M./Crr) dy (17) 
Lo 
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A method of successive approximations of obtaining 
ar|fe(y)] has been given by Pugsley and Brooke.? A 
much simpler method has been published recently by 
Shornick of the Matériel Center. These methods age 
important for an accurate determination of aileron 
reversal speeds. They will not be discussed here, how- 
ever, since this paper is primarily concerned with an 
extension of the case of complete aileron reversal to 
that of diminution of aileron effectiveness at speeds be- 
low the aileron reversal speed. 

The angle 8 for complete aileron reversal is found 
from the condition that at the aileron reversal speed the 
rolling moment is equal to zero. The aileron angle 8 
is obtained by solving Eqs. (5) for the rolling moment 
equal to zero. Expressed in terms of the angle of twist 
at the tip, the aileron angle is, for Case I, 


f Ls 1 "Le 
—1/(T0/7) ) . by[fo(y)] dy ‘i Lf, bydy (18a) 
Lo li 


(The limits Z; and Ls are introduced here since 6 and, 
therefore, the aileron term in Eq. (5a) are equal to zero 
for all values of y except ZL; Z y Z Ly). For Case II, 
the aileron angle 


*Ls 
e | f byl Rola | 
8 —| Ty — di3(e — c) i L : (18b) 
x | e by dy | 
Li 


When the appropriate values are inserted into the in- 
tegral of Eqs. (15) and the upper limit is taken as y = 
L;, then V = Veg in Eqs. (15a) and (15b) for Case I and 
Case II, respectively. 


g= 


Il 


Loss IN AILERON EFFECTIVENESS 


On the basis of the previous development the loss in 
aileron effectiveness due to wing twist can be deter- 
mined for an air speed nVz where 0 <u <1. (Actu- 
ally, the following development holds for all positive 


values of n. 
placed on n to emphasize the physical aspects of the 
problem.) 

If secondary effects—i.e., side slip and yaw—are 
neglected, the equation of motion of an airplane in roll 
can be written as 


However, the above limitation has been 


(I.C.) + (D.M.) — (R.M.) = 0 (19a) 
The inertia couple is given by 
(1.C.). = I(d6/dé?) (19b) 
Pearson and Jones® give the damping moment as 
Lrouing = Cy (pb/2V)gSb (19c) 


In the terminology of this paper the damping mo- 


ment 
(D.M.) = (d.m.)(d6@/dt) (19d) 
where 
"Ls 
(d.m.) = AC ,LinVap f b dy 
Lo 
Cy = rate of change of rolling moment coefficient 


C, with helix angle (numerical values for 
C,, are given in reference 5, page 9) 


The aerodynamic torque at the aileron reversal speed 
is given by Eqs. (15). 

If it is assumed that the air speed influences the 
magnitude of the aerodynamic torque but not the span- 
wise distribution, then for any value of y 


. Magy n*Vp? n? ; 
in = : = (19e) 
wo) Mayp V _— l 
and 
[f(y lave “or n*| foly)| vr (19f) 


It can be shown that the exact value of Eq. (19e)—i.e., 
exact within the limits of Eqs. (15)—is 


Ls 
+ 2npm'Vat dar f [ fo(y)] dy} + n?C 








(y+ if > 
fin Mane _ iis PE 5) ad 
im -— — eee 
peril. i BW 
—>) VR (1/, 4- a) J 


J 
(Jv 


where for Case I 


“ he te 
cm fo Ch+a—2 - SES" | pay 
li T av 


for Case IT 
Ls T Ff To 
C I Of C/r+a)—* - aa oes 
Li T As 
ot e- + 2-02 +0) [pay 
aT Tv 


Aa,[fe(y)] = aerodynamic twist + structural twist 
at y 


—_-——— d 
Sebdy 


Ls (19g) 
+ 2np Vat Sar f [ fo(y)] dy ; +C 
Lo . 


W = weight of airplane 


It will be shown later that, when the entire airplane is 
considered, Eqs. (19e) and (19f) become exact. 

From Eqs. (5), (19e), and (19f) it follows that for 
Case I the rolling moment at an air speed equal to nV, 


Ls 
(R.M.) = —4pn?V;? {nef by[fe(y)] dy + 
L 


Tx Ls 
3 f “sydy) (19h) 
us Ii ; 


and for Case II 
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I 


(R.M.) = —4pn?V;? nt by[ fo(y)] dy + 
Lo 


e a 
Fe Mi ole f, by dys (191) 
L 7 7 Li f 


The three couples, indicated in Eq. (19a), have now 
been defined, and the differential equation of motion 
can be written as 
d*6 dé 
I— + (d.m.) — (R.M.) = 0 (20) 
dt? dt 
The particular solution for this equation for 6 = 0 when 
t = Ois 


I(R.M.)f - S™, (R.M.) 

= “le F —1}+~—+ = (21) 
(d.m.)? (d.m.) 

The amount of roll accomplished during the first second 

in degrees (or radians) per degree (or radian) aileron 

deflection at 1 Vp ft. per sec. is 


: = a [from a 1) -|.. K; (22) 
p Ri\2 
where 
R.M.) 1 ; 
K, = 7 — ) = Ka Van's a K;) 


K, = 4€,, 1° fd dy 
Ks; = Sis" by[foly)] dy 


For Case I 
ie L2 
K,= pra f by dy 
T ‘ 


i ’ Le 
K,= Bre] == ~, _ lf, by dy 
us Tv Li 


And 6vz is determined in magnitude and sign from Eqs. 
(18a) or (18b). 


Correction of Rolling Moments 

As pointed out earlier, Eq. (22) is expected to give 
computed rolls that are too large because of excessive 
rolling moments calculated from Eqs. (5). It will be 
remembered that the equations for rolling moment were 
derived from Eqs. (4). Of these latter the equation for 
Case I will be repeated here. 


dP T. 
lim — = —2xpV*(ba +0"*8) (4a) 
w—>0 dy TT 

Eq. (4a) is obviously the same as (in terms more 
familiar to the aerodynamicist) 

dL dC : 

— = —"9(ca, + hed) (23) 

dy da 
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where k = da/di. The differences in Eqs. (4a) and 
(23) are: 
(1) dC,/da in Eq. (23) is replaced by 27 in Eq. (4a). 
*(2) k in Eq. (23) is replaced by Ty/z in Eq. (4a). 
(3) The absolute angle of attack a, in Eq. (23) is re- 
placed by the torsional angular displacement a in Eq. 
(4a). 


The first of these differences amounts to assuming an 
infinite aspect ratio or two-dimensional flow. The 
success that flutter theory has enjoyed in predicting 
critical speeds has demonstrated that in the oscillatory 
case deviations from two-dimensional flow are not im- 
portant. An explanation for this fact has been given 
on the basis that in the oscillatory case the induced 
velocities from successive free and trailing vortices tend 
to cancel each other because of opposite signs of suc- 
cessive shed vortices.’° It seems obvious that this 
explanation or similar ones cannot be applied to non- 
oscillatory conditions such as the case on hand and that 
for the determination of aileron performance the 
assumption of two-dimensional flow introduces serious 
errors (although calculated aileron reversal speeds are 
conservative). 

The second one of the differences between Eqs. (4a) 
and (23) is that Eq. (4a) gives, for da/dé, an analytical 
expression developed for thin wings. Pearson and 
Jones state that it is better to determine da/dé from an 
analysis of experimental data than to rely on the 
theoretic value. 

The third difference between Eqs. (4a) and (23) 
states that in the oscillatory case total lift is replaced by 
spanwise variation in lift. This is equally true for the 
present case as the following reasoning will show: (a) 
Since roll is produced by a spanwise variation in lift, 
only the spanwise variation in angle of attack can in- 
fluence roll. (b) The aerodynamic torque is a function 
of the absolute angle of attack. However, the aero- 
dynamic torque due to the angle of attack is of the same 
magnitude and in the same direction for both wings. 
It will, thus, increase the contribution of one aileron and 
reduce that of the other. Therefore, the net effect of 
the angle of attack on the aerodynamic torque is seen 
to be zero. This renders Eqs. (19e) and (19f) entirely 
correct when integrations are carried out over both 
wings. 

On the basis of the foregoing it is suggested that more 
nearly true values for computing the loss in aileron 
effectiveness can be obtained if the following substi- 
tutions are made: 

(1) In Egs. (5), (15), (18), and (22), replace 27 by 
dC,/da. 

(2) In Eqs. (5), (15), (18), and (22), replace Ty9/z for 
Case I and [(Tyo/7) — (¢13/7)(e — c)] for Case II by a 
numerical value of k as computed from wind-tunnel 
tests. 

(3) In Eqs. (15), replace [(7s + Ti0)/2zx] by [(7s/27) 
+ (k/2)]. 
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LOSS IN AILERON 


It is not expected that the revisions enumerated 
above will permit accurate calculations of aileron per- 
formance because many factors have not been con- 
sidered. The more important ones are enumerated 
below: 


(1) Yaw and side slip. Rolls in which yaw is not 
controlled by rudder action will be faster than pure rolls 
for the following reasons: For the wing with down- 
aileron, lift, and therefore drag are increased; whereas, 
for the wing with up-aileron, drag is decreased. The 
resulting yawing moment is overcome by application of 
the rudder. Since the center of pressure of the rudder 
is above the axis of roll, a moment about the axis of roll 
will be set up which opposes the rolling moment. 
Thus, theoretic results are expected to show smaller 
rolling moments than flight test data from maneuvers in 
which only the ailerons were operated. 


(2) Loss in forward speed due to the maneuver. 
Flight tests are likely to be conducted in that range of 
air speed in which the rolling velocity increases with 
speed. Since there is a loss of speed during the ma- 
neuver, theoretic values for rolling velocity tend to be 
high. 


(3) Torsional deflection in the aileron. The aileron 
angle 6 has been assumed constant over the aileron 
span. This is an approximation resting on the assump- 
tion that either the torque on the aileron about the 
hinge per unit span does not vary over the aileron span 
or that the aileron is, torsionally, infinitely stiff. The 
first of these assumptions is, in general, incorrect and 
the second is never correct. The assumption of con- 
stant aileron angle over the aileron span tends to make 
calculated values somewhat high when compared with 
flight tests. 


(4) Although the suggested aspect ratio correction is 
considered better than the assumption of two-dimen- 
sional flow, it is not strictly correct. As pointed out 
earlier, the added lift increment due to a change in 
angle of attack produces roll. Since this added incre- 
ment is zero at the centerline of the airplane, as well as 
at the wing tips, the ‘“dynamic’’ aspect ratio is expected 
to be smaller than the geometric aspect ratio. Thus, 
the applied correction might appear to be too small. 
On the other hand, it is known that the slope of the lift 
curve increases with Mach number. This latter phe- 
nomenon has not been taken into consideration because 
(1) beyond the critical speed the slope of the lift curve 
decreases again and (2) even at its maximum the slope 
of the lift curve does, probably, not attain a value 
of 27. 


CONCLUSIONS 


It is concluded that, in spite of the approximations 
enumerated above, Eq. (22) as revised in the previous 
section gives a good account of the facts. This is 
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Fic. 5. Aileron effectiveness versus air speed. 


illustrated in Fig. 5 where the solid line represents a 
constant times the theoretic values of degrees of roll 
accomplished during the first second per degree aileron 
deflection versus true air speed. The values presented 
by this curve were obtained from Eq. (22), but wind- 
tunnel data were used for the computation of dC,/da 
andk. The dotted line in Fig. 5 was also obtained from 
Eq. (22). However, the slope of the lift curve was as- 
sumed equal to 27 and theoretic values for da/d8 were 
used. The circles in Fig. 5 indicate flight-test data. 
These experimental values are the results of rolls com- 
bined with sideslip and yaw and were reduced to their 
present form from values of the helix angle pb/2V. All 
calculated and test values contain a constant of pro- 
portionality making the maximum calculated rolling 
velocity equal to unity. 

It is inherent in the theory of aileron reversal that an 
aileron that produces, on a given wing, lower rolling 
velocities than another aileron has the greater aileron 
reversal speed of the two. Since rolling velocities are 
related to the speed of aileron reversal, it is felt that 
low computed reversal speeds should not cause too 
much concern to the designer unless rolling velocities, 
computed by the methods outlined in this paper either 
agree reasonably well with expected rolling velocities or 
are appreciably lower. 


REFERENCES 


1 Kiissner, H. G., and Schwarz, L., Der schwingende Fligel 
mit aerodynamisch ausgeglichenem Ruder, Luftfahrtforschung, 
Vol. 17, No. 11/12, pp. 337-354, December, 1940. 

2 Theodorsen, T., General Theory of Aerodynamic Instability 
and the Mechanism of Flutter, N.A.C.A. T.R. No. 496, 1935. 

3 Loring, S. J., General Approach to the Flutter Problem, S.A.E. 
Journal, Vol. 49, No. 2, pp. 345-356, August, 1941. 

4 Theodorsen, T., and Garrick, I. E., Nonstationary Flow 
About a Wing-Aileron-Tab Combination Including Aerodynamic 
Balance, N.A.C.A. Advance Restricted Report, March, 1942. 

5 Pearson, H. A., and Jones, R. T., Theoretical Stability and 
Control Characteristics of Wings with Various Amounts of Taper 
and Twist, N.A.C.A. T.R. No. 635, 1938. 

(Continued on page 62) 











Graphical Analysis of Response Characteristics 
of Rate-of-Climb Indicators 


KALMAN J. DeJUHASZ*t 
The Pennsylvania State College 


SUMMARY 
The static and dynamic response characteristics of the leak 
type rate-of-climb indicator have been determined with the aid 
of graphic analysis, the method has been applied to an actual 
instrument, and the results have been compared with those of 
mathematical analysis. Influence of altitude on the calibration 
coefficient is determined and the effects of compensating means 


discussed. 


INTRODUCTION 


— LEAK-TYPE RATE-OF-CLIMB INDICATOR, schemati- 
cally shown in Fig. 1, and first proposed in 1910 
by Bestelmeier, comprises a thermally insulated 
chamber communicating with the atmosphere through 
a small leak opening and fitted with a sensitive pressure 
gauge on which the difference between the pressure 
inside the chamber and the atmospheric pressure can 
be read. When the airplane is in a sustained level 
flight, then the pressures inside and outside the chamber 
equalize and the pressure gauge indicates a zero pressure 
difference. When the airplane is in a sustained climb 
or dive, then, because of the resistance of the leak 
opening and the changing atmospheric pressure, 
equalization does not take place, and the pressure 
gauge will indicate a pressure difference that is a 
measure of, and approximately proportional to, the 
rate of change of altitude. Hence, the pressure gauge 
can be calibrated in terms of rate-of-climb units. 

This simple relationship, however, is complicated by 
two influences: (a) The factor of proportionality, 
termed the ‘calibration coefficient,’’ is not constant 
but varies with the altitude; (b) when the rate of 
climb changes from a previous value to a new value, 
then the new value is not indicated instantaneously 
but is approached gradually in an asymptotic fashion, 
which is characterized by the ‘‘characteristic time.” 

The calibration coefficient ‘characterizes the static 
behavior of the instrument under various conditions of 
pressure and temperature; the characteristic time 
characterizes its dynamic behavior under various 
maneuvering conditions; together these two factors 
define the response characteristics of the instrument. 
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Fic. 1. Schema of rate-of-climb indicator with capillary leak. 
A, diaphragm-type pressure gauge; B, capillary leak; C, chamber. 





The determination of response characteristics of 
rate-of-climb indicators has been the subject of 
numerous investigations, both theoretic and experi- 
mental.!:*° The purpose of the present treatment 
is to complement and clarify existing knowledge and 
procedures with the aid of graphic analysis, which has 
the merits of clarity of visualization of the phenomena 
and of possibility of application to phenomena not 
accessible to mathematical analysis. 


SYMBOLS, DEFINITIONS, AND UNITS 


Vo = volume of chamber at Ap = 0, m.? 

V = Vo+ AAp = volume of chamber + pressure gauge 
at Ap = 0, m.’ 

D = area of diaphragm of pressure gauge, m.? 

k/D = elastic constant of diaphragm, kg./m.* 

A = D?/k = dV/d(Ap) = rate of change of volume per 


unit change of differential pressure, due to the 
displacement of diaphragm, kg. m.® 


Co = Vo/xkpi = capacity of chamber at Ap = 0, m.5/kg. 

C = G& +A = capacity of chamber + pressure gauge, 
m.5/kg. 

L = length of capillary leak tube, m. 

d = diameter of capillary leak tube, m. 

a = 128L/d‘r = leak coefficient, 1/m.* 

n = viscosity of air, kg. sec./m.? (see Fig. 3) 

R = an = resistance to flow of capillary leak tube, kg. 
sec./m.5 

q = (pi — p,g)/R = rate of volume flow through capillary 
leak tube, m.*/sec. 

fs = pressure inside chamber, kg./m.? 
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= atmospheric pressure outside chamber, kg./m.? 


ro 

Ap = pi — pa = differential pressure, kg./m.? 

pi = density of air inside chamber, kg. sec.?/m.‘ 

Pa = density of air outside chamber, kg. sec.?/m.‘* 

g = acceleration of gravity = 9.81 m./sec.? = 32.2 ft./sec.* 

T,. = absolute temperature of atmosphere, F. 

h = altitude, m. or ft. 

Vp = dp,/dt = rate of change of atmospheric pressure, kg./- 
(m.*sec.) 

Vp = dh/dt = rate of change of altitude, m./sec. or ft./sec. 

K, = calibration coefficient with respect to vp 

K, = calibration coefficient with respect to vp, 


time, sec. 
characteristic time, sec. 


ASSUMPTIONS 


(a) The treatment is restricted to the pneumatic 
system alone; inertia and damping effects of the 
moving mechanical parts, which have only secondary 
importance, will not be considered. 

(b) The change of state of air within the chamber 
is assumed to be adiabatic. The relation between 
density change and pressure change is expressed by 
dp:/p: = dpi/(kpi); k = 14. 

(c) The change of state of air outside the chamber, 
as a function of altitude, is assumed to follow the 
relations of the U.S. Standard atmosphere as defined 
by Fig. 3. 

(d) The differences between the pressures, densities, 
and temperatures in the chamber, in the leak, and in the 
atmosphere are small compared to their absolute 
values. Hence, quantities such as p;/pa, pi/Pa, and 
T/T, are considered as equal to unity, and the error 
involved is regarded as negligible. 

(e) The instrument is sensitive not to the rate of 
altitude change dh/dt = v, as such but to the rate of 
pressure change, dp,/dt = v,. The two quantities 
are related by the equation: vw, = —pagiy. 

(f) Two cases will be treated: one with a capillary 
leak tube characterized by laminar flow according to 
the relation g = (1/R)Ap, and the other with a leak 
orifice characterized by turbulent flow according to 
the relation g = ~/2/p V/Ap. 


MATHEMATICAL ANALYSIS 
Derivation of the General Equation 
The equation of the rate-of-climb indicator is based 
on the equality of the mass flowing through the leak 


in dt time with the change of mass inside the chamber, 
which can be expressed in mathematical form by the 


equation: 
Qogdt = d(Vp;) = Vdp; + pdV 
where flow g into the chamber is considered positive. 


Considering that V = V,) + A Ap, then for a constant 
rate of change of atmospheric pressure: 


Ap = pi — Pa = Pi — (Pao + Ut) 


and substituting: 


dp,/p; = dp;,/(Kps); pi * pa Pts ™ Pas Co = Vo/Kpe; 
= Co a A 


the rate of flow can be expressed by 
g = C(dp,/dt) — Av, 
whence the differential equation of the phenomenon 
can be written: 
adp,/(g + Avy) = dt/C.............(1) 


According to the relationship g = f(,), the solution 
of the differential equation can take various forms, of 
which two cases—that of laminar and of turbulent 
flow—will be treated. 

Laminar Flow Through Leak 


Assuming a leak in the form of a capillary tube 
characterized by laminar flow it can be written: 


—9 = (1/R) Ap = (1/R)(p, — pe)-.----. 2) 


where 1/R can be interpreted as the rate of flow for 


unit pressure difference. Differentiating according to 


time: 
dg/dt = —(1/R)[(dp;,/dt) — v,] 
whence 
(dp,/dt) = —R(dq/dt) + 2, 


and substituting this expression and also C) = C — A 
into Eq. (1) the differential equation for laminar flow 


dq/(Cw, — q) = dt/CR 
is obtained, the solution of which is 
q = Cw,(1 — e~ °F) 
Hence, combining with Eq. (2), the function 
Ap = —CRv,(1 — e~”°R)......... (3) 


is obtained, which can be written also in the form 


Ap = —K,v,(1 — e~”) 
In this, K, = CoR = (u0/xp,)R = calibration coefficient 
and r = CR = (( + A)R = K, + AR = charac- 


teristic time. 

It is seen that the value of Ap—i.e., the indication 
of the instrument—approaches the limiting value 
K,v, as time increases according to an exponential 
function, while the transient term K,v,e~“” ap- 
proaches zero. 

For sensitivity of indication the instrument should 
have a large calibration coefficient K,, and for rapidity 
of response it should have a small characteristic time 
7. It is seen that the two desiderata are conflicting 
because both K, and 7 are changed in the same sense 
by changing Co, C and R. Therefore in the design of 
rate-of-climb indicators a compromise is unavoidable 
in this respect. The elasticity of the diaphragm, 
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expressed by A, does not contribute to the sensitivity 
as expressed by K, but increases the characteristic 
time r—.e., it reduces the rapidity of response. 


Particular Case 


In the particular case when the change of chamber 
volume due to the displacement of the diaphragm is 


considered negligible—i.e., when A = O—the cali- 
bration coefficient is equal to the characteristic time 
: = Tt = CR 


It is of interest to note that this case is analogous 
with the charging or discharging of an electrical con- 
denser having the capacity C, through an ohmic re- 
sistance R, from or against a linearly changing terminal 
voltage E. Referring to Fig. 2, it can be written: 


E, — E = Ri; it = —CdE, 


whence 














_ Fic. 2. Electrical analogy. (a) Schema of electric circuit, 

involving capacity C, ohmic resistance R, and variable terminal 

voltage E. (b) Diagram of variation of terminal voltage E, 

and voltage across resistance (E, — E) as a function of time ¢. 

For E = & + (dE/dt)t = Ey + E’t the solution is: 
E, — E = CRE'(1 — e~”®°) = rE’(1 — e~"") 


Rate of Change of Altitude 


Considering that v» = —gpv,, the calibration coeffi- 
cient relative to the rate of climb can be written: 


Von p 
K, = Kyog = CoRpg = — — 0 
Kg p 
For the standard atmosphere p/p*-*! = const., 


and as the viscosity decreases slowly with decreasing 
temperature 7, (i.e., with increasing altitude, see 
Fig. 3), the expression 


pn p W “ 7 
ras i) Po ane am 


holds good. As the viscosity change due to decreasing 
temperature is nearly proportional to the change of 
p*’, the calibration coefficient K, is nearly inde- 
pendent of, but slightly increases with, the altitude. 
This is illustrated in Fig. 4, which refers to an instru- 
ment assumed in later examples with data given 
there, 
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Fic. 3. Data of U.S. Standard atmosphere (N.A.C.A.), 
based on tables of Warner and Johnson (Aviation Handbook, 
lst Ed., pp. 181-182, 1931) showing the variation of pressure ), 
density p, temperature ¢, and air viscosity 7, as functions of alti- 
tude. Both English and metric scales are given (cf. reference 
6). 


It is possible to compensate for the increasing’ tend- 
ency of the calibration coefficient by means responsive 
to pressure or to temperature or both. In the Kolls- 
man instrument! this effect is attained by shortening 
the capillary tube with the aid of a sealed diaphragm 
cell containing a constant amount of air, which ex- 
pands when the atmospheric pressure decreases and 
thus brings about a shortening of the capillary tube, 
reducing its resistance to flow. 


Turbulent Flow Through Leak 


Assuming an orifice leak characterized by turbulent 
flow, the rate of flow as a function of pressure difference 
can be expressed by the equation 


g = F V/2/p V—Ap = 0 V—Ap 


Q = F \/2/p can be interpreted as the volume flow at 
unit pressure difference, and thus it is analogous with 


T= 3-0 seconds 





kK. = 2:07 seconds 
4| 
K,, 755 Kg-nissec 


3 


h, feet x10” 


Fic. 4. Effect of altitude on calibration coefficient and 
characteristic time for rate-of-climb indicator assumed in the 


paper 
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the 1/R in the case of laminar flow. Squaring this 


equation and differentiating: 
—(Q? Ap 


dp; dp. 
/ = fifo a3 
29(dq/dt) Q & =) 


y= 


Combining with Eq. 1, 2q(dq/dt) = (Q?/C)(Cw, — q) 
and simplifying, the differential equation for turbulent 
flow is obtained: 


[g/(Cov» — q)}/dg = (Q?/2C)dt 
or 


q 
C 0Up 


: a ee ee 
Cov» 2CCww, 





+ log (: _ 


This is an implicit exponential function which yields 
for g, as time increases, the limiting value of lim g = 
Cw, At r = 2CCw,/eQ?: qi = Cw,[1 — (1/e)]. 
The pressure difference corresponding to the limiting 
value of flow is: 


lim qg)? = C? Vo® pa 
pp Ps a 
K,v,? = Kyr 
where 
Ky = (Voi/2x*F*)(p4/p*) 
and 
. P's 
Ky, = Kyp,°g? = e s 3 
Considering that in the standard atmosphere 


p2/p**! = const. and p,*/p?:** = const., therefore with 
increasing altitude K, increases proportionally with 
p—-!9 (rapidly), and K, decreases proportionally with 
p®-*8 (slowly). 

It is seen that with an orifice leak the indication 
(Ap) is proportional not with the rate of pressure 
change (and with the rate of altitude change), as 
is the case with capillary leak, but with the second 
power of these quantities. Furthermore, the calibration 
coefficient K, decreases with increasing altitude, i.e., 
exhibits an opposite trend of variation compared with 
the K,, for the capillary type leak. 

These considerations establish the advantage of the 
capillary leak over the orifice type leak for purposes 
of rate-of-climb indicators. Nevertheless, the proper- 
ties of the orifice-type leak are utilized as a means of 
compensation for variations of altitude, at least in one 
make of rate-of-climb indicators, in which a leak is 
used having a flow relationship that is between the 
laminar and turbulent (porous material), whereby 
a practical altitude compensation within a wide range 
of altitude variation is claimed to have been achieved. 
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GRAPHIC ANALYSIS 


For the complete explanation of the graphic method 
attention is directed to reference 2 dealing with air- 
speed indicators and to the references listed therein. 
Briefly stated, it is considered that the phenomenon 
takes place in successive small time intervals dt, during 
each of which the state of flow—i.e., volume rate of 
flow and pressure—are assumed to be interrelated by 
linear functions—i.e., their changes are proportional. 
The data valid for a certain time element serve for the 
determination of the data of the next following time 
element, and so on, until the whole duration of interest 
of the phenomenon is covered. The graphic analysis 
operates with charts involving the pressure p, rate of 
flow gq, time ¢ and location x, in which the states of flow 
are determined and defined by intersecting straight 
lines in a manner analogous to the methods of graphic 
statics. 

For the purposes of graphic analysis, the basic 
differential equation Eq. (1) is rewritten in the following 
form: 


dpi/(q + Av,) = dt/C = tan B 


Choosing an arbitrary small time interval dt (which 
must be small and preferably a fraction such as '/, 
to '/1o of the characteristic time r), this equation ex- 
presses the relation that the change of ; in the chamber 
during this interval is proportional to the value of 
(¢ + Ady). 


Furthermore, for the capillary leak it can be written: 


(Pi na Pa) ‘q =R= 


which expresses the relation that the differential 
pressure (p, — p,) is proportional to the rate of flow q. 

The procedure will be illustrated and explained by an 
example. 


tan p 


Example 


The data of one rate-of-climb indicator previously 
examined are as follows: 


Vo 216.0 X 10-*m.*, volume of chamber 

A = D*/k = dV/d(Ap) = 66.7 X 10~-"m.5/kg., 
elasticity of pressure gauge 

a = 104/12.8 = 78.0 X 10!*/m.}, leak coefficient 


It is assumed that the airplane is flying at a 5,000-ft. 
altitude, at which altitude p, = 8,620 kg./m.*, and T = 
7° C. (see Fig. 3). The viscosity of air is: » = (1.75 X 
10-*/m.*)kg. sec. With these values: 


Cy = V»/(1.4)(8620) = 179.0 X 10-m.5/kg. 
C = Q+A = 245.7 XK 10-%m.5/kg. 
R = 136.0 X 10 kg. sec./m.° 


It is assumed, furthermore, that after a steady level 
flight, during which p; = p,, the airplane instan- 
taneously starts a climb at the rate of 2,000 ft. per 
min., which corresponds to v, = 10.90 kg./(m.*sec.). 
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In the g-p chart for the graphic analysis enter the 
following relations for the leak: tan p = (136.0 X 
10°/m.*)kg. sec. = directrix for leak. For the chamber, 
choosing dt = 1.0 sec. as the time element: 


tan B = 10'°/245.7 = (40.7 X 10®/m.5)kg. sec. = 
directrix for chamber 

Av, = 727.0 X 10m.*/sec. 

vpdt = (10.9 X 1.0/m.*)kg. 


It is assumed that the total change of aititude is not 
very great, so that the same values of tan p, tan 8, 
and v, are valid for the total phenomenon. The pro- 
cedure is as follows (see Fig. 5c). 

The successive values of p, valid at the end of the 
first, third, fifth, and so on, intervals, are marked on 
the p-axis and from each of these points a flow-directrix 
tan p is drawn. The value Av, is marked to the left 
of the p-axis and a parallel line drawn therewith. 
The angle 6 is determined, denoting the slope tan 8 of 
the chamber-directrix. The chamber pressure valid 
at the end of the first interval is found by intersecting 
the tan p directrix drawn from point 2’ with the 
tan 6 directrix drawn from point 1 on the Av, = Const. 
line. The chamber pressure increment at the end of 
the second interval will be twice (approximately) the 
previous value as denoted by point 2. The construc- 
tion is continued to obtain point 3, denoting the flow 
condition and chamber pressure at the end of the third 
interval, and point 4, denoting the chamber pressure 
at the end of the fourth interval. In this manner the 
successive points 5, 6, 7, .... are found. Entering the 
p; values as ordinates on the base of time as abscissa, 
the history of the chamber pressure p; = f(t) can be 
drawn (Fig. 5a). In this also the mathematically 
determined exponential curve is entered showing a 
close agreement with the graphically obtained diagram. 
The approximation can be made closer by choosing a 
smaller dt time as the basis of construction, though at 
the cost of an increased amount of labor. Plotting the 
Ap = (~: — fa) values over the time base the history 
of the indication of the rate of climb indicator is ob- 
tained (Fig. 5b), upon which also is superimposed the 
mathematically obtained expression. 

When the limiting value Ap = (); — pa) max. iS at- 
tained then Ap = const.—i.e., for a given time interval 
dt it can be written: dp, = dp,. On this basis the 
differential pressure corresponding to a given rate of 
pressure change can be constructed, as shown in Fig. 6, 
from which: 


dp; i 
lim Ap = [ae — Asy) tan p = 4 c= As,) R= 
CyRv, 


which is the same value as obtained mathematically. 
Fig. 6 shows similar constructions for the Ap corre- 

sponding to different altitudes, according to the US. 

Standard atmosphere, showing that Ap (and, hence, 
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Fic. 5. Graphic analysis of rate-of-climb indicator having 
capillary leak, assuming a constant rate of change of pressure. 
(a) History of atmospheric pressure and chamber pressure; 
(b) history of pressure difference; (c) g-p diagram. 
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Fic. 6. Effect of altitude on calibration coefficient K,, for 
rate-of-climb indicator with capillary leak, assumed in the 
paper. Note that both tan p and tan 8 change with altitude. 


K,) increases with increasing altitude. These values 
are in agreement with mathematically obtained Fig. 4, 
which in turn is in agreement with the results of 
Schliestett.‘ ; 

Fig. 7 represents the graphic analysis of the re- 
sponse of the same instrument to a maneuver con- 
sisting of a sinusoidal rate of climb, after which the 
maneuver is stopped and the airplane continues its 
level flight at a new level (see Fig. 6 of reference 3). 
This is a comparatively slow maneuver, lasting 16.4 
sec., which is about five times the characteristic time 
of the instrument. The procedure is similar to that 
described in the previous example. The altitude 
changes according to a cosine function as shown by the 
ba = f(t) line. Choosing an arbitrary dt = 1-sec. 





Ca] 
of 

pre 
dif 


clin 
cal 











RATE-OF-CLIMB 





-_) 








tan B- 406x10° t 2 ! 600 
lan p «136 «I ¥ - > 
fp +136 «10 .. h-hj— @ & 
> i af a 
Rca) (Bo Fa < 400 
ax 00 «| 
* ~be00 
8 ip - 
= ox ¢ ¢ 7 (Fao R) 6 seconds —- 
Laity 3 2 to. f? 
4 | | %. 
| © _ 
, 204 < 
§ a) 4p «+2000 
a N >! 
= | 
id § 40 | 3000 
: J, ROUp 
< \-216s10%m? t " —) — 





8) AAA 


Pirin 








Fic. 7. Graphic analysis of rate-of-climb indicator having 


capillary leak, assuming a maneuver of slow sinusoidal change of 
(a) History of atmospheric pressure and chamber 
(b) history of rate of change of atmospheric pressure 
(c) g-p diagram. 
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Fic. 8. Graphic analysis of rate-of-climb indicator having 


capillary leak, assuming a maneuver of rapid sinusoidal change 
of atmospheric pressure. (a) and (b) History of atmospheric 
pressure, rate of change of atmospheric pressure, and of pressure 
difference; (c) g-p diagram. 


time interval, the », and v, values are measured off 
from the time diagram for the successive di intervals 
and the p, and Av, values are transferred to the g-p 
diagram. Determining the tan 6 directrix the points 
| ae: eB are found by intersecting with the 
tan 8 directrices the R-lines and Av,-lines valid for 
successive d¢ intervals. The ordinates of the points 
Lo eS, . are then transferred to the time diagram 
whereby the »; = f(¢) function is found. Forming the 
difference: p, — p; = Ap the rate of climb, as indicated 
by the instrument, is obtained. 

It is seen that there is a certain error in the indica- 
tion, both as to magnitude and to phase, as compared 
with the actual rate of climb. Nevertheless, the sense 
of indication is correct—i.e., the indications show a 
climb while the maneuver is in progress. The numeri- 
cal values found by this graphic analysis are in agree- 
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ment with those found by Draper and Schliestett 
mathematically and experimentally. 

Fig. 8 is the graphic analysis of another maneuver 
consisting of rapid changes of rate of climb to descent 
according to a sinusoidal function (see Fig. 9 of ref- 
erence 3). The procedure is similar to that used in 
the previous example, except that a dt = 0.5 sec. is 
chosen in view of the rapidity of the maneuver (duration 
of change from maximum climb to maximum descent = 
4 sec.). In this case the error is considerable, both in 
magnitude and in phase, and even the sense of the 
indication is incorrect, the maximum rate of climb 
being indicated when the airplane is already in descent. 
The graphically obtained results show a substantial 
agreement with those found by Draper and Schliestett 
both mathematically and experimentally. 

These examples chosen deliberately 
previous literature with the purpose of comparison of 
the different methods. The graphic method can be 
applied to any other type of assumed maneuver, which 
need not be defined by a mathematical expression but 
only by a graphic p, = f(t) curve. 


were from 


Orifice Leak 


The graphic analysis of a rate-of-climb. indicator 
having an orifice leak is performed identically with 
that having a capillary leak, except that a parabolic 
flow characteristic g = F V 2/p, JV Ap is used instead 
of the straight line characteristic in the latter case. 
The procedure is illustrated in Fig. 9, in which the data 
are identical to those used in Fig. 5 except that an 
orifice having F = 
It is assumed that the maneuver involves an 
so that the parabolas 
basis of constant air 


0.008 mm.” effective area is as- 
sumed. 
altitude change not too great, 
have been constructed on the 
density p,. But this is not a necessary limitation, and, 
if the altitude change is great, then the parabolas can 
be constructed on the basis of the true, variable, air 
density, corresponding to the varying altitudes. 






seconds —= 














Fic. 9. 
orifice leak, assuming a constant rate of change of atmospheric 


Graphic analysis of rate-of-climb indicator having 


(a) History of atmospheric pressure and chamber 
(b) history of pressure difference; (c) g-p diagram. 


pressure. 
pressure; 
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The construction is not restricted even to a parabolic 
interrelationship between the rate of flow g and the 
differential pressure Ap, but any other experimentally 
determined relationship can be used which can be 
expressed by a g = f(Ap) curve. 

The calibration coefficient K, as a function of altitude 
is illustrated on Fig. 10 for the orifice leak (to be com- 
pared with Fig. 6 for the capillary leak). It is seen 
that the orifice leak involves far greater dependency 
on the altitude than does the capillary leak, which 
has been shown also by the previous mathematical 
analysis. 


CONCLUSIONS 


Wherever both the mathematical and _ graphic 
analyses are applicable, these yield results in agree- 
ment with each other. This should be expected, since 
both methods are based on the same physical relation- 
ships and differential equations. The two methods 
usefully complement each other: the mathematical 
analysis yields more general answers to broad questions 
such as the dependence of the calibration coefficient 
and characteristic time on the altitude, but it is ap- 
plicable only to such specific cases which are expressible 
by mathematical functions; the graphic analysis is 
applicable to any specific problem provided the condi- 
tions and interrelationships can be expressed in graphi- 
cally stated functions. 
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Fic. 10. Effect of altitude on calibration coefficient K, for 
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Take-Off Distance of a Glider Train 


WIESLAW Z. STEPNIEWSKI* 
De Havilland Aircraft of Canada 


SUMMARY 


The take-off distance of a glider train is one of the most im- 
portant factors in the consideration of the practical use of this 
kind of transport for military and perhaps future civil uses. 

Some simple formulas are given in this paper, for the approxi- 
mate value of the take-off distance necessary to clear an obstacle 
of a given altitude (50 ft.). However, when preliminary con- 
siderations are being made, there are often no complete data re- 
garding the engine-propeller group. For this case a rough but 
simple method is established allowing the reader to estimate all 
the necessary characteristics. The primary considerations are 
for a glider train, in general, but the final formulas are established 
rather for the large transport gliders towed by planes equipped 
with constant-speed propellers. 

It is sometimes important to know whether it is better to over- 
load an existing plane to some possible limit or to put this addi- 
tional load into a glider towed by the airplane. For this reason 
an éxample is presented which gives the ratio of the take-off 
distance of an overloaded plane of the DC-3 class to the take-off 
distance when the plane has its normal weight. A similar com- 
parison is made for the glider train, supposing that the additional 
load is put into a glider towed by this plane having its normal 
weight. The comparison assumes that the empty weight of a 
transport glider plus the weight of its crew will be approximately 
40 to 45 per cent of its total weight. In other words, it is under- 
stood that about 60 to 55 per cent of the gross weight of such a 
glider may be considered as pay load. 


INTRODUCTION 


— COMPLETE TAKE-OFF of a glider train may be 
divided into several periods analogous, to some ex- 
tent, to take-off periods usually considered for an air- 
plane: 

Period ‘‘a.’”” This is the ground run, when the masses 
of both the towing plane and glider are accelerated up 
to a speed sufficient for the glider{ to take off. 

Period ‘‘a;.’’ This is a period corresponding to a 
further acceleration of the train as a whole at the in- 
stant the glider becomes air-borne (transition period 
for the glider). 

Period “‘b.”” This is from the moment when the 
glider starts to fly at some constant level up to the time 
when the train attains a speed sufficient to take off the 
airplane. 

Period ‘‘b;.”’ 
plane. 


This is a transition period of the towing 
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t Strictly stated it should be: “up toa speed sufficient to take 
off that component of the train which has a lower take-off 
velocity.’”’ But in most practical cases, the glider usually has a 
lower take-off speed, and in the analysis only such a case will be 
considered. 
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Period “‘c.’’ This corresponds to the steady climb of 
the whole train, up to an altitude sufficient to clear an 
obstacle of a given height. 

From the periods listed above, the run on the ground 
(period ‘‘a’’) and the steady climb (period “‘c’’) present 
no special difficulty for an analytical investigation. A 
more complicated stage is the so-called ‘‘transition 
period.” In the case of airplanes this problem at- 
tracted the attention of many investigators, and there 
exist a number of papers dealing with it..** But in 
the case of the take-off of a glider train, it seems allow- 
able to simplify the problem by omitting consideration 
of the transition phase of the glider and the towing 
plane. 

Such simplification may be justified by the following: 
Since the train attains a speed sufficient to take off the 
glider, the proper maneuver of the take-off itself is 
usually executed gently; hence, the vertical accelera- 
tion is small and may be neglected. In other words, in 
this phase the lift may be considered as equal to the 
gross weight of the glider and the take-off speed may be 
considered as exceeding by some small percentage the 
stalling speed of glider with flaps in the take-off posi- 
tion. 

After a climb up to some feet from the ground, the 
pilot keeps the glider at the same level, which may be 
considered as practically identical with the level of the 
towing machine} (Fig. 1). 

The take-off of the towing machine is also performed 
gently, and the so-called ‘‘zoom take-off’ has no place 
here. It seems quite reasonable to assume that at the 
end of period “‘b,’’ when the whole train attains a speed 
exceeding by some percentage the stalling speed of the 
plane with flaps in the take-off position, the towing 
machine starts a steady climb at this speed. By such 


t Theoretically, there may be considered also another type of 
take-off: Immediately the glider leaves the ground, it climbs 
very steeply, and while doing so exerts some lift to the towing 
plane through the towing cable. But in the case of transports 
and even sport gliders, such a procedure seems to be not advis- 


able. 











56 JOURNAL OF THE AERONAUTICAL SCIENCES—JANUARY, 1944 


an assumption, the height gained because of the higher 
speed of flight than actually needed for the take-off, as 
well as the energy accumulated in the deflected under- 
carriage, etc., may be neglected. In assuming this, in 
subsequent analytical considerations no attention will 
be paid to ‘‘the transition phase’ of the towing airplane. 
We will therefore consider only periods ‘‘a’”’ and ‘‘b”’ 
up to the beginning of steady climb of the whole 


train. 
In period ‘‘c,’’ the towing plane is assumed to climb 


together with the towed glider, which is at the same 
level as the towing machine (Fig. 1). 


NOTATIONS 


CL = lift coefficient 

Cp = drag coefficient 

AR. = aspect ratio 

W = weight (Ibs.); without subscript—of the whole 
train; with subscript—of the glider or plane 

Ss = wing area (sq.ft.) 

P = engine power (b.hp.) of one engine 

P; = engine power (b.hp.) of the whole airplane 

V = air speed (ft, per sec.) 

D = propeller diameter (ft.) 

= propeller speed (r.p.s.) 

V/nD = advance ratio 

= propeller efficiency 

= thrust (Ibs.) 

= effective thrust (Ibs. ) 

= angle of climb 

= ground friction coefficient 

= take-off distance (ft.) 

= air density (slugs) 

= acceleration of gravity (32.17 ft. per sec.?) 

= wing loading (Ibs. per sq.ft.) 

= time (sec.) 

= glider (subscript) 

= airplane (subscript) 

= take-off (subscript) 

= climb (subscript) 


o 
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Basic FORMULAS 


In order to facilitate the discussion of the particular 
phases of take-off, the relation between Cp and C, should 
be expressed by the most simple analytical expression. 
For this purpose the polar diagrams of the towing plane 
and glider are replaced by the parabolas of the induced 
drag displaced to the right by the quantity Cpniy. 
(Fig. 2). 

The equation of this parabola will therefore be: 

Co = Comin. + (Cr?/rA) (1) 


The parabola expressed by Eq. (1) constitutes the 
first approximation, but even for the take-off considera- 
tion, when for higher values of C, the difference between 
the real polar diagram and its substitute is greater, the 
relations resulting from Eq. (1) will be sufficiently 
accurate. 


Period ‘‘a’’ 


The general equation of motion of a glider train dur- 
ing the run on the ground will be as follows: 








C. 
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As the greatest possible acceleration is desired at this 
stage of the take-off, the bracketed expression should 
be kept as small as possible. By finding the minimum 
of this quantity, it is easy to find Cy. and Cz, corre- 
sponding to the shortest run on the ground. 

Considering Cp according to Eq. (1) and taking 
0/0C;, = 0 and 0/0C,, = 0 of the bracketed expression, 
the optimum value of C, for the glider will be: 


Cr = ('/2)ruA, (3a) 
and for the towing airplane: 
Crm = (1/2)rpAg (3b) 


If the wing aspect ratio and the friction coefficient are 
increased, C, at the take-off should also be increased.* 
Assuming that both glider and airplane are kept, 
during period ‘‘a,”’ in a position providing an angle of 
incidence corresponding to C,, given by Eqs. (3a) and 


* There may arise some doubt whether the higher values of 
Cu: found from Eqs. (3a) and (3b) will lie within the limits of good 
conformity of the substituted parabola to Eq. (1) with the real 
polar diagram of a plane or glider. But in considering that the 
friction coefficient will practically not be higher than » = 0.08 
(soft turf‘) and the aspect ratio of today’s transport glider and 
airplane is seldom greater than 10, Cz: should be not higher than 
1,25 which is within the mentioned limits. 
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TAKE-OFF 


(3b), then the effective force T, accelerating the train 
in each instance of period ‘‘a’”’ will be as follows: 


YT, = T — [(BoS, + B,S,)2V? + Wu) (4) 
where the symbols B denote: 
Ba = Coming — (*/4)Aau* 
By = Comin — (#/4)A gu? 


ds/V, Eq. (2) may be 


(5a) 
(5b) 
Considering next that dt = 
written as 


ds = (WV/gT.)dV 


The distance run on the ground up to the moment when 
the train will attain a speed, V,, practically sufficient to 
take off the glider will be: 


V=V, 
S = 
V =0 


During period ‘‘b” when the glider is already in the 
air flying horizontally a few feet off the ground and the 
towing plane is still running on the ground, the force 
acting in the towing rope may be considered as equal to 
the horizontal thrust necessary to keep the glider in a 
level flight. This force may be expressed as: 


(WV/gT,.)dV (6) 


Period ‘‘b’”’ 


H, = W,(Coy /Crg) 


In substituting Eq. (1) for Cp, and considering that in 
horizontal flight C, = (W/S)(2/p)(1/V?), the last 
equation will be expressed as: 


1 (W,21\*]S,V? 
ode 6 (22 1 \"B 
‘ | Com ¢ A,\ S,p VI J 2 





The effective accelerating force T, for the whole train 
in each instance of period ‘‘b’’ will be as follows: 


1 {(W,21\?].\ 
Ta = T — +BeSe+| Comin +4 (223s x 
ig { +| 6 +" FA\SpVv/ 1° 
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(7) 


hence, 


ds = (WV/gTa)dV 


The distance run on the ground in period ‘‘b’’ during 
an increase of the train velocity from take-off speed of 
the glider, V,, to take-off speed of the airplane, V,, will 


be: 
V = Ve 
Sq = f (WV/gT»)dV (8) 


V=V, 
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Period ‘‘c’’ 


According to the simplified scheme previously estab- 
lished for the take-off of the train when it has reached a 
speed, V,, practically sufficient to get the plane into the 
air, the whole train begins a steady climb up to an alti- 
tude sufficient to clear an obstacle of given height. The 
length of the horizontal projection s, of the path to be 
followed until this altitude will be reached may be found 
in the following way: 

The condition of equilibrium of the forces acting on 
the glider may be expressed as follows (Fig. 3) : 











y 
Fic. 3 
F, cos ¢ = Rp, + W, sin ¢ (9a) 
and for the towing airplane: 
T = Rog + Foos y + W, sin ¢ (9b) 


Finding F, from Eq. (9a), introducing it into Eq. (9b), 
and remembering, in addition, that Rp, = W,(Cp. 
Cra) and Rp, = W,(Cp,/Cz,), it is easy to express sin ¢ 
as follows: 


sin g = [7 _ (w, Cove 4 W, Cone) |/ W (10) 
Cre Crae 


where the new symbols Copy, Cpga, Cirge, and Crga 
denote drag and lift coefficients during climb. 

For most practical cases the values of ¢ will be rather 
small; hence, it may be assumed that tan g = sin ¢.* 
The horizontal projection s, of the flying path to be 
flown before an altitude h will be reached will therefore 
be: 

Ss, =h \w/ [7 _ (w, Cone + W, Cone | | (11a) 

 (Crse Crac / 4) 

when the aerodynamic characteristics of the towing 
plane and glider are known, it is not difficult to find 
for both elements of the train Cp/C;, corresponding to a 
given flight speed. But, in preliminary considerations 
when it is sometimes necessary to operate with some 
known or only estimated parameters as Cp,,;,,, A, etc., 
another formula for s, may be more useful: 








* For ¢ = 12° (slope about 1:4.7) the difference between tan 
and sin is only about 2.2 per cent. 


(11b) 
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The total distance for a take-off to clear an obstacle 
h feet high is 


$= 3, + 5. + S, 


When all the necessary characteristics of the propeller 
and engine are known, as well as the aerodynamic data 
of the glider and airplane, it is possible in each instant 
of the run on the ground to calculate the effective ac- 
celerating force according to Eqs. (4) and (7), and next 
find the distances s, and s, by a graphic integration™ 
of Eqs. (6) and (8), or by using other methods estab- 
lished for airplanes as given on page 738 of reference 5. 
For practical use it seems advisable to have some ap- 
proximate formulas for finding s, and s, by simple 
calculations. For the above purposes some analytical 
relations giving » = f(V) or T = f(V) should first be 
established, and all possible simplifications should be 
thoroughly discussed. 


APPROXIMATE FORMULAS 
Propeller Diameter 


To calculate propeller thrust it is necessary to know, 
in addition to other factors, such values as propeller 
diameter, D; its efficiency, y, r.p.m., N, or r.p.s., 1; 
and b.hp. of the engine, P. It is easy to find the last 
two items in any technical description of the engine. 
But it may sometimes be difficult to find exact data 
regarding the propeller diameter, and it will be neces- 
sary to make an approximate estimation. For this 
purpose the diagram given on Fig. 4 should be useful. 
This diagram, based on the N.A.C.A. data® ’ for several 
two-, three-, and four-blade variable-pitch propellers, 
gives the average values of the best advance ratio 
V/nD plotted against the coefficient 


¢, = [0.638 m.p.h. (p/po)'*/{(b-hp.)'*(r.p.m.)") 
. 4 


nd 


2.0 








Cs 
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The procedure for finding the propeller diameter with 
the help of Fig. 4 is simple: Knowing the maximum or 
cruising speed of an airplane at some definite altitude 
and having the maximum or cruising power of the 
engine, as well as r.p.m. of the propeller, it is easy to 
calculate c,. Knowing the number of propeller blades, 
one finds from Fig. 4 the optimum value (V/nD),», 
from which the propeller diameter may be found: 
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D = m.p.h. 88/r.p.m.(V/nD),»,, 


where m.p.h. denotes the same speed that was used to 
calculate c;. 

Since Fig. 4 represents an average of the modern 
multiposition or constant-speed propellers, the di- 
ameter found with its help and on the basis of a normal 
technical description of the airplane (performance) and 
engine (b.hp., r.p.m.) will probably not differ to any 
considerable extent from the diameter of the propeller 
actually used on the airplane.* 


Thrust 


Thrust 7, in pounds, of any propeller can be expressed 
as: 


T = 550nP/V (12) 


where V is in ft. per sec. and P isin bhp. The pro- 
peller efficiency 7 is usually found from wind-tunnel 
tests and is presented as a function of the advance ratio 
V/nD, which will be denoted by the symbol J. There 
is no general relation between 7 and J which could be 
easily expressed by an equation based on the physical 
relations existing between those two quantities. 
Nevertheless, for the take-off condition it seems to be 
possible to substitute for 7 = f(/J) one of the following 
general equations: 


n = J(a — DJ) (13a 
or 


n = J(a — b,J*) (13b) 


In both of these equations, the coefficient a should be 
equal to dn/dJ when J = 0. In other words, a is a 
value of the slope of the tangent to the curve 7 = f(J) 
at the origin of the coordinates. The coefficients b and 
b; may be expressed by b = a?/4n,,,,, and b; = 0.148 
(a*/nmar.?); but sometimes some small deviations may 
be needed from the above values of a, 6, and }; in order 
to approximate more closely a real curve 7 = f(J/). 

In general, Eq. (13a) will probably give a better 
approximation of the whole curve 7 = f(/), but it leads 
to more complicated formulas for s, and s,. Eq. (13b 
gives simpler final formulas but does not approximate 
as well as Eq. (13a), a real value 7 = f(J), especially for 
the higher J values. Nevertheless, in a case where at 
the end of the take-off (climb) J does not exceed the 
limits of a good approximation for a real » = f(J) by 
Eq. (13b), it seems to be advisable to use this equation. 

For constant-speed propellers, where throughout the 
whole take-off both P and m are constant, it is not 
difficult to express thrust T as a function of air speed 
when 7 = f(/) is known. Introducing Eqs. (13a) or 
(13b) into Eq. (12) and remembering that J = V/nD, 





* Propeller diameter may also be evaluated by using empirical 
formulas that are sometimes given in official publications or in 
textbooks (see page 478, reference 8). 
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the total thrust of the towing plane will be expressed 
as: 


T = Ty — 550[bP,/(nD)2]V (14a) 
or 
T = To — 550[b,P,/(nD)*] V? (14b) 


where in the both equations P, denotes the total power 
of all airplane engines and 7» is the total static thrust 
(sum of the static thrusts of the particular airplane 
engines) which may be expressed as: 


Ty = 550(aP,/nD) (15) 


n = f(J) is shown as a continuous line on Fig. 5. 
This may be considered as quite typical for constant- 
speed propellers installed on modern transport planes 
such as the Douglas DC-3 or the Curtiss Commando. 
The graph mentioned above is drawn as an average of 
propeller efficiency for two-, three-, and even four-blade 
propellers, representing groups of modern propellers 
tested by the N.A.C.A.* 7 The values of the power 
coefficient Cp for which the curve 7 = f(J) was estab- 
lished were chosen as an average for the modern trans- 
port machines. On Fig. 5 are also drawn two approxi- 
mating curves: one based on 7 = J(2.05 — 1.3J/), 
corresponding to Eq. (13a); another based on 7 = 
J(1.95 — 2.2J*), corresponding to Eq. (13b). Fig. 5 
will show that for 0 < J < 0.54 both equations approxi- 
mate quite well the function 7 = f(/), which is assumed 
to be arealone. Within the mentioned limits of J, the 
difference in values of » given by the approximating 
functions from the real » = f(/) does not exceed 4 per 
cent. For J > 0.54, approximation by formula (13b) 
is not accurate, and only formulas based on Eq. (13a) 
should be considered. 
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Run on the Ground 


To calculate the distance run on the ground during 
the period “‘a,” the formulas based on Eq. (13b) may 
be used. The thrust will then be found from Eqs. (12) 
and (13b) and the values given in Fig. 5 


T = To — 1,210[P,/(nD)*] V? 
where 7) = 1,072.5(P,/nD). 


Integration of Eq. (6) will result in finding the dis- 
tance of the run on the ground up to the moment of the 
take-off of the glider. This distance s, (in feet) will 
be: 

5 = 0.0358(W Cc) logio [To (To _ cV,?)] (16a) 
where the symbols c and 7,» denote: 

c = (B.S, + B,S,)(p/2) + 1,210[P,/(nD)*] 
and 


ls => To —_ Wu 


In Eq. (16a) V, is expressed in ft. per sec. and should be 
taken about 5 to 7 per cent higher than the stalling 
speed of the glider with its flaps in the take-off posi- 
tion. 

For the average values of u (u = 0.05-0.06), a reason- 
able Cpmin,, and aspect ratio for today’s transport 
gliders and planes (Cp,,in, = 0.022-0.028; A = 9-12), 
B, and B, may be considered as equal or almost equal to 
0. Hence, B,S,(p/2) and B,S,(p/2) may be considered 
as negligibly small, and they may be omitted in the 
formula for s,. Under such assumptions Eq. (16a) is 
simplified to the following form: 

— 

,W(nD) x 


s, = 0.0358 — 
1,210P, 


Ra 
logio — . (16b) 


To — 1,210[(P,/(nD)*) V,? 

During the period “‘b’’ when the glider is already in 
the air, its drag offered is equal to W,(Cp,/C,,)». But 
in considering the substitution of a parabola (Eq. (1)) 
for the relationship between Cp and C; the drag may be 
represented in a form dependent on the flight speed: 


W, (=), = W, | Com (2) (=) + 
Ig a 9 
9 
»{ —— 17 
(=",)] 7) 


In order to simplify the final formulas for s,, it is 
permissible to assume (Cp,/Cz,)» = Const. during the 
whole of period ‘“‘b.”” Such a simplification is justified 
in the first place by the fact that for the average trans- 
port gliders, the difference between (Cp,/Cy,), at V, 
and at V, will not exceed some 15 to 20 per cent,* even 
considering the take-off speed of the towing plane V, to 
be 50 per cent higher than that of the glider. Second, 
since the drag offered by the glider in flight is only one 
of the forces tending to decrease the effective thrust, the 
above assumption of (Cp,/Cz,)» = Const. during period 
“‘b’”’ will result in a possible inaccuracy not exceeding a 


small percentage. 


* For a glider with the following characteristics: Cpmjp .= 
0.024, Ag = 10, p, = 13 lbs. per sq-ft., and practical take-off 
speed V, = 50 m.p.h., Co,/Cig at this speed will be about 0.067. 
At a speed 50 per cent higher it will be equal to about 0.055. 








In practice, it seems to be more advisable to take a 
higher value of (Cp,/C,,),;—i.e., that corresponding to 
the lower speed (V,). 

When the preliminary calculations are being made 
{and no exact values of Cp, and C,, are available), 
W(Cp,/Cr,)y may be calculated on the basis of the gen- 
eral construction parameters as Comin. A,, and p,. 


If even at the end of period “‘b” the value of advance 
ratio J does not exceed J = 0.54 (the limit value for the 
substitution of so-called real » = f(/J) by Eq. (13b) then 
the distance (in feet) corresponding to this phase of the 
take-off will be expressed (after integration of Eq. (8) 
and in considering all the simplification) as: 

Sq = 0.0358 ad logio [> coe (18) 


Cy ® -— &V.* 


where 


9 
C = | 1,210P, + 2% 4 
(nD)! 2 


Sq = 0.031W X 
ee 5 ta 
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and 


Ton = To — W, (=) — pW, 

Cry/> 
For preliminary calculations it may be assumed that 
W,(Co,/Ci,) = wW,. Assuming next, analogous to 
previous considerations, that B, = 0, it is easy to obtain 
an approximate formula (similar to Eq. (16b)) which 
gives roughly the total distance from the beginning of 
the take-off up to the moment when the towing -plane 

becomes air-borne: 
. . “ 
&, « = 0.0358 / rots tog. a 


onal To — 1,210 Pi 


(nD)* 


C 
ys 


V, in this last formula, as well as in Eq. (18), should be 
taken to be 5 to 7 per cent higher than the stalling speed 
of the towing plane with flaps in the take-off position. 

In rather exceptional cases, when at the end of the 
period ‘“‘b’” J > 0.54, integration of Eq. (8), with the 
simplification that W,(Cp,/Cz,) = Const., leads to the 
following formula: 


— 2aV, — 6 — V8? + 4a5) (—2aV, — B+ VB?+ =) | 





j= 6-— 
— logw — 


i: 5 — BV, — aV,? a v/ B? + 4ad ( 
where a, 8, and 6 denote, respectively : 
B = 715P,/(nD)*; 6 = 

To — (Co./Ci)W, — uW, 


a= B.S Ss): 


When it is possible to assume that B, = 0, then Eq. 
(20a) takes a much simpler form: 


: ae ae 
o.=- 0.081 W 12:3 — lenis ———__—_— — - V,— 3 J 20b 
| B? 2 a BV, 3’ g ( ) 


For the preliminary calculations it seems to be pos- 
sible to assume Cp,/C,, = mu and then, Eq. (20b) may 
be expressed as: 

To — BV, _ 


Sq = oo31W| 2.3 te logio —— 
B° To — BV, 


; iy, ve) | (20c) 


The take-off distance corresponding to period ‘‘c’’ is 
easy to calculate and needs no special explanation. It 
may be noted, however, that in a case when no definite 
aerodynamic characteristics of the airplane and glider 
are known the values of Cp,/C,, and Cp,/Cz_ needed for 
Eq. (21) may be evaluated for the glider by Eq. (17) 
and for the towing plane by a formula completely 
analogic to Eq. (17). The valué of ‘air speed should, 
of course, be taken as equal to V,. 


2aV, — B+ WB? + 4ad) (—2aV, — B — ~/ 6? + 4a8) 
(20a) 


If at the end of period “‘b”’ and also during the period 
“c’’ the advance ratio does not exceed a value of J = 
0.54, then the expression for thrust may be based on 
Eqs. (14b) and (lla) giving the take-off distance in 
period ‘‘c’”’ (to attain a height of 50 ft.) will take the 
form: 

50W 


23° ne —— 
T, — 1,210! V,2-W, (Sr) — W, (=) 
nN. )s Cus c Cra c 


(21a) 


If in the period ‘‘c’”’ J > 0.54, then the thrust value 
should be evaluated on the basis of Eq. (14a) and s, 
will be expressed as: 


50W 


5. = 
T — 715——_ V,— W, (Sy) — W, (=) 
(nD)? Crpl Cral ¢ 


(21b) 





Numerical Example 


Consider a towing airplane with the following known 
characteristics: normal gross weight, W, = 22,000 
Ibs.; wing area, S, = 1,000 sq.ft.; aspect ratio, A, = 
9; maximum flying speed, Vmx. = 220 m.p.h. at 6,000 
ft. (p/po = 0.801); stalling speed at sea level (flaps 


partially deflected), Vmin. = 70 m.p.h. Let this plane 
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or 
an 











TAKE-OFF DISTANCE 


be powered with two engines each developing 1,000 hp. 
at both 6,000 ft. and at the take-off: Revolutions per 
minute of the engine are 2,300; of three-bladed pro- 
peller, 1,530. Comin. at the take-off: Comin,, = 0.028. 

This airplane tows a transport glider with the follow- 
ing characteristics: W, = 16,000 Ibs., S, = 1,000 sq.ft., 
A, = 10, Comin., is known to be equal (at the take-off) to 
0.025; stalling speed with flaps in the take-off position, 
Vin. = 55 m.p.h. 

Find, for the train composed of this plane and glider, 
the total take-off distance needed to clear a 50-ft. 
obstacle. 

At first, in order to establish the propeller diameter, 
the coefficient c, is calculated. Asc, = 1.8, from Fig. 4, 
(V/nD) ». = 1.1; hence the propeller diameter D = 
11.5 ft. The static thrust for the whole airplane will be 
Ty = 7,300 Ibs. In assuming that uy = 0.05 the effec- 
tive static thrust will be 7.0 = 5,400 lbs. Consider the 
take-off speed for glider to be 7 per cent higher than 55 
m.p.h.: V, = 59 m.p.h. or 72 ft. per sec. The take- 
off distance for glider, calculated according to Eq. 
(16a), will be s, = 615 ft. Using approximate formula 
(16b) this distance will be found to be equal to s, = 590 
ft. The take-off speed of the plane is to be 70 + 0.07 X 
70 = 75 m.p.h. or 110 ft. per sec., and the advance ratio 
corresponding to this speed will be J = 0.375; hence, to 
calculate s, Eq. (18) may be used. But first, W,(Cp,/ 
Cr,)» should be found. This will be W,(Cp,/Ci,)» = 
930 Ibs. The next values needed for Eq. (18) are: 

= 0.123 and 7» = 5,270 lbs. Finally, the take-off 
distance corresponding to period ‘‘b’’ will be s, = 985 
ft. Hence, s, + s, = 1,600 ft. This total distance 
calculated by the approximate formula (19) will be 
Sy a = 1,500 ft.—i.e., a difference of 6.25 percent. The 
take-off distance in period “b,” calculated by the 
approximate formula (20c)* based on Eq. (13a), will 
give s, = 980 ft. To calculate s,, the Wa(Cpa/Cza), 
value is needed. According to Eq. (17) it will be 1,580 
Ibs., and s, according to Eq. (21a) will be s, = 530 ft. 
The total take-off distance is finally determined as 
S=S,+5sat+ Ss = 2,130 ft. 


COMPARISON OF OVERLOADED PLANE WITH GLIDER 
TRAIN 


In order to give some idea as to whether it is practical 
or not to carry cargo in a towed glider instead of in 
an overloaded plane, the following comparison has been 
made: A transport plane of the DC-3 class was as- 
sumed, with the characteristics given in the numerical 
example. Some additional load was then assumed to 
be put into this plane, overloading it to some extent. 
The ratio of the total take-off distance (to clear 50 ft.) 


*In Eq. (20c) the 7» will, of course, be slightly different than 
previously found, 7) = 7,300 Ibs. It will be so, because in Eq. 
(15), when it is based on Eq. (14a), a = 2.05 is used instead of a = 
1.95, as it is for the formula based on Eq. (14b). 
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to that of the plane having its normal weight (s,/So,) 
was plotted against this additional load (Fig. 6). 

A similar calculation has been made in assuming 
that this transport plane, having its normal weight, 
tows a glider (or gliders) in which this additional load 
is carried. The ratio of the take-off distance of the 
train to that of the towing plane (having its normal 
weight) (5,/sq,) is plotted on Fig. 6 against the addi- 
tional load. The aerodynamic characteristics of the 
glider were assumed to be as in the numerical example. 
The total weight of the glider was assumed to be 1.8 to 
1.7 times greater than the weight of the load to be 
transported. In other words the pay load is assumed 
to be equal to 55 to 60 per cent of the total weight. 

A glance at Fig. 6 will show that under the above 
assumptions the take-off distance of a glider train carry- 
ing some additional load, with a normally loaded towing 
plane, is smaller than the take-off distance of the over- 
loaded plane. 
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As the above comparison was made for a train repre- 
senting an average transport plane and an average 
transport glider, it seems possible to arrive at the 
following general conclusion: that in considering take- 
off qualities and dividing of the load to be transported, 
the glider will probably give better results than over- 
loading of the transport plane. t 
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Medical Activities in Naval Aviation 


J. C. ADAMS,* B. GROESBECK, JR.,* anp E. F. DuBOIS+ 
U.S. Navy Bureau of Medicine and Surgery 


PHYSIOLOGIC Limits AS VITAL FAcTORS IN AERO- 
NAUTICAL DESIGN 
C HAS LONG BEEN OBVIOUS that aeronautical engi- 
neers have been able to produce planes that exceed 
the present physiologic and psychologic limits of the 
pilot. These advancements have been a frank chal- 
lenge to the flight surgeon, the physiologist, and the 
psychologist. The answer has been an active program 
in aviation medical research in which the efforts in 
this country have been pooled with those of Canada 
and England. It is becoming increasingly clear, how- 
ever, that the physiology of man is not subject to change 
at will. Therefore, if this gap between man’s physical 
limitations and further advancement in aircraft per- 
formance is to be bridged, it will be necessary to 
modify future aircraft design and auxiliary flying equip- 
ment to effect these physical adjustments. 


PILot SELECTION 
Physical Requirements 


The Navy program calls for the procurement of 
large groups of young men who must show a good 
expectancy for success under flight instruction. These 
young men will come largely from the civilian popu- 
lation and must meet the physical and psychologic 
standards prescribed. So long as there remains a 
sufficient reservoir of personnel, the physical require- 
ments will be held at a high level. True, there are 
instances of distinguished fliers who have lost one leg 
or one eye. However, this is not sufficient reason for 
lowering physical standards. Availability of per- 
sonnel will govern the level of physical requirements 
in time of war and, commensurate with this fact, the 
physical requirements will be maintained at the highest 
practical level. 


Psychologic Fitness 


In addition to strict physical requirements, there 
must be psychologic fitness with a high degree of voca- 
tional aptitude. Methods have been devised to evalu- 
ate this gift and eliminate before training starts many 
of the inept who waste instructors’ time. 

The Navy has, through psychologic research, estab- 
lished selection methods with high validity for the 
appraisal of aptitude for flying. This research was in 


Presented at the Physiologic Problems Session, Eleventh 
Annual Meeting, I.A.S., New York, January 25-29, 1943. 

* Captains, Medical Corps, U.S. Navy. 
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process of development well in advance of the outbreak 
of war, and immediately upon the declaration of hos- 
tilities these selective methods were ready to be in- 
stituted as a part of the expanded training program. 

In order to maintain rigid and uniform standards the 
Navy limited the selection of flying personnel to only 
fifteen boards located strategically throughout the 
country. The procedure at all boards is standardized, 
so that the results can be used for statistical analysis. 
The special psychologic tests identify personnel ac- 
cording to their respective probability for success or 
failure under training as naval aviators. The tests 
are mass administered on prescribed forms. Scoring 
is accomplished ingeniously by electrically operated 
machines in the Navy Department. The scoring keys 
of course, are confidential. By these methods it is 
possible to process large numbers of personnel quickly 
The personal equation of the ex- 
Of equal or greater 


and accurately. 
aminer is entirely eliminated. 
importance, it is possible from these records to raise 
or lower the qualifying score at will, thereby regulating 
the flow of any class of expectancies for flight training 
as may be indicated to meet the needs of the training 
program at any time. 


Preflight Schooling 


Once selected, the cadet is sent to one of the pre- 
flight schools for a three-month period of physical 
training and hardening. This is in no sense abusive, 
but it is vigorous and tough and it eliminates those few 
who do not possess the physical and psychologic forti- 
tude to stand the exposure and loss of rest that are en- 
countered in the type of war that is now being waged 
without quarter. 


Qualifications of Flight Instructors 


To further perfect our training program the Navy 
has given consideration to the qualifications of its 
flight instructors. A special flight instructor’s school 
has been established. Prospective instructors receive 
indoctrination in training methods. Special attention 
is being given to their voice recording, which is played 
back to them and criticized and appraised by speech 
experts for the improvement of diction. Intercom- 
munication between instructor and student is being 
improved. Standard patter guides for instructors 
are now available. Most of these improvements have 
been accomplished through the conjoined efforts of the 
flight surgeon and psychologist and assistance from the 
Command. 
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The largest task for the psychologic section étill lies 
ahead. All of the éxisting predictors have been vali! 
dated against performance in training. This is im- 
portant in its own right... But training is of little value 
unless the pilots prove effective in combat. Only 
when a job analysis has been validated against combat 
performance or other flight performance can it be 
certain that good fighters and not merely good pilots 
are being selected and trained. This study is being 
intensely pursued. 


ALTITUDE PROBLEMS 


Flight performance at extreme altitudes imposes 
special stress,on the pilot... Formerly this was thought 
of in terms of anoxia.’ Later the symptoms of decom- 
pression illness—namely, aeroembolism or bends were 
recognized. Now. the total effects of, high-altitude 
stress have been recognized, not only in terms of anoxia 
and bends but also of the debilitating effects of cold 
and other physiologic changes induced in the body as 
a result of such exposure. Certain individuals are more 
susceptible than others to the effects of anoxia, bends, 
and to. the total effects of high altitude. Age and 
physical condition have bearing.in this regard. 


The Low-Pressure Chamber 


Important military flights have been forcibly ter- 
minated becatise certain crew members have proved 
incapable of completing thé mission at ‘high altitudes. 
This is of practical military significance. “To meet 
this situation it has become necessary to select’ arid in- 
doctrinate pilots for high-altitude flying., This is 
accomplished by means of the low-pressure chamber. 
There are low-pressure chambers in several ttaining 
stations, and soon there will be at Teast oné at every 
large station. 

As ‘indicated; these‘ chamibers ‘are ‘used ‘for classifiea- 
tion and indoctrination ‘of ‘pilots’ and crew for high- 
altitude flying.’ The priticipal object is to acquaint the 
individual with the actual effects of anoxia and bends) 
thereby enabling him to evaluate more’ readily ‘the im- 
portance of symptoms as they, affect him. It is, also 
by these means that the pilot is properly indoctrinated 
to ‘the need of oxygen and’ the use of his oxygen appli- 
ance. : 

The importance attached to anoxia’ is ‘of’ practi- 
cal concern ‘only to’ the extént of insuring the tise of 
oxygen at all’altitudes above 10,000 ft.'and from the 
ground ‘up in flights’ to 30,000: ft: or’ ‘above. The 
validities of these’ regtilations have been’ long estab- 
lished. It naturally follows that only in case of 


’ failure of oxygen supply should anoxia become a 
practical concern. Unfortunately, at critical altitudes 
the margin of safety even with the best oxygen appara- 
tus becomes small and, for practical purposes, is ter- 
minated at approximately 40;000° ft. when used at 
prevailing barometric pressures. 
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Bend Susceptibility 


Altitude ‘runs iri the low-pressure’ chamber will give 
a fair idea of a man’s susceptibility to low oxygen but 
less specific information as to his susceptibility to bends. 
Susceptibility to bends not only varies with the in- 
dividual but also varies from day to day within the 
same individual. Certain individuals, however, are 
proved susceptibles, and it becomes necessary to 
identify them and exclude them from high-altitude 
flying. Standardized procedures are in effect at all 
low-pressure chambers. Cold low-pressure chambers 
are being installed to provide additional means of 
studying personnel embodying the low temperature 
effects at all given altitudes. 


NIGHT VISION 


The use of the eyes in the dark for night flying is a 
new exaction—and an important one—in the present 
war. This problem has involved not only a tremen- 
dous program of research relating to the subject but 
has also necessitated revolutionary changes in cockpit 
illumination. These accomplishments are now far ad- 
vanced and in practical operation. 


PILOT FATIGUE 


Pilot fatigue is of majof importance, and at this 
time it cannot be measured accurately..by. any machine 
or laboratory test or questionnaire. As a consequence, 
the problem must be dealt with in a practical manner. 
For. this purpose there is no substitute for the accom- 
plished flight surgeon who lives and thinks with his 
pilots and who acts as physician, friend, and counselor. 
Stch a flight surgeon is able to detect the early mani- 
festations of fatigue and institute measures for relief 
of flying or modification in routine. 


Flight Surgeon Training 


Unfortunately, it takes time to train a: Navy flight 
surgeon, and great importance is attached to his train- 
ing. He not only receives instruction in the technical 
subjects of his specialty but he is required to. complete 
a prescribed course of indoctrinal flight training, which 
participates in every phase of flight instruction pre- 
scribed for pilots. He shares in simfliar manner’ the 
ground-school. training, and during this period he lives 
entirely with other student aviators.; It is. by these 
means that his first-hand appreciation of flying stress 
is. gained and. his approach, to his: special, mission is 
made practical and realistic... The. school for Navy 
flight surgeons is. located. at Pensacola, Fla. It is 
well staffed and is highly progressive in the accomplish- 
ment, of its mission. 


Instrument Flying 


The factors conducive to pilot fatigue are too varied 
and numerous to be discussed here in detail. However, 
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instrument flying or blind flying is ‘particularly strenu- 
ous and requires continuous attention and concenttra- 
tion.’ By and large, any andiall conditions conducive to 
physical and emotional strain are contributing: factors 
to fatigue: Environmental factors; such as extreme 
cold, ‘noise, glare and rough weather, are depreciating 
and distracting. influences. '' Ini time of war; the emo; 
tional equivalents incident to combat and other added 
hazards are a tremendous influence. 


Fatigue 


Much can be done to relieve fatigue, and here again 
these measures are varied and ramifying, . Adminis- 
trative measures regulating flights and conserving the 
demands made on pilots can be most helpful. Proper 
relief from. operational assignments against the enemy 
and the use of recreational and recuperative centers 
have their importance. Careful selection and training 
are most essential. However, there remains much in 
the field of engineering which can contribute materially. 
There is need for greater physical comfort in military 
aircraft. Improvement in clothing and other items of 
flying equipment is needed. Better protection from 
cold, noise, and vibration-is required.—This-is—only- 
part of the picture, but it can be seen that it is a prob- 
lem that requires the efforts of all for its improvement. 


AVIATION MEDICAL RESEARCH 


A résearch division in naval medicine started in 1917, 
continued with difficulty in leati' years of peace, but 
grew rapidly ‘with war. ' Research in respitatory prob- 
lems ‘was first Condticted in Washirigton ‘and ‘spread to 
Pénsacola with the devélopment ‘of the‘Research Divi- 
sion’ in the School-of Aviation Medicine. “Thete) work 
broadened to include visual problems}! commiutiication 
systems, oxygen equipment, selection, and training, 
indeed all the medical and physiologic matters that 
affect the flier. Special work in motion sickness was 
started in Boston; night vision research and the 
training of lookouts, in New London; and other 
studies, in scattered places. Meanwhile, liaison officers 
were in constant touch with the large amount of work 
carried on by the U.S. Army, the Canadians, the 
British and the N.R.C. Committee on Aviation Medi- 
cine. Recently, there has been completed a large and 
well-planned research laboratory at the Naval Medical 
School at Bethesda. It will be equipped to study al- 
most any problem connected with naval or aviation 
medicine. A similar research laboratory is in process 
of completion at Pensacola and will be devoted entirely 
to the problems of aviation medicine. While these 
provisions speak well for aviation medical research, 
they can never within themselves provide the total 
answer to human limitation in modern high-perform- 
ance aircraft. This is readily apparent when it is 
realized that human physiology is not subject to 
marked alteration. The physical limitations of man 


in control of modern aircraft has already been referred 
to, especially, at extreme altitudes. -While medical 
research no doubt: will 'iprovide means of:some further 
adjustment of the: human element to these: stresses, 
in large measure it.ean Only serve to reveal the nature 
of the human limitations. 

It is clear then that if these deficiencies are incapable 
of solution by further;adjustment within the individual, 
it will be necessary to effect these changes within the 
environment to which he is subjected—namely, the 
aircraft itself. Here, then, is the clear necessity for 
engineering and its technical ramifications to enter 
the picture. It is for them to develop and perfect 
those meastires within the aircraft by which means the 
human element may function beyond its normal physio- 
logic limjtations. 

“Lack of sufficient appreciation of these basic facts 
has seriously retarded ultimate accomplishments in 
flying. It is of the greatest importance that the 
medical man be actively‘ joined by the engitieer and 
by the industry in an integrated approach to the sofu- 
tion of these problems. This applies also to the im- 
provement of accessory equipment, such as oxygen 


-supply appliances, clothing, etc., as well as to changes 


in aircraft per se. 


PHYSIOLOGIC LIMITATION AND PROBLEMS 


Oxygen Requirements 


What then are some of these problems: of physicak 
limitation?) ‘The first) is: oxygen, since: man’s! nothinal 
altitude limitation with oxygen ‘supplied under» the 
prevailing barometric pressure is roughly 40,000: ft. 
If this performance is to be,exeeeded the prevailing 
barometric; pressure. to the pilot must be. modified. 
This involves pressurized compartments, cabins, or 
suits. This field is large and almost unapproached 
and is an outstanding challenge for the future. 


Cold Protection 


Further protection from cold is needed. The solu- 
tion does not lie in clothing alone but involves heating 
of the plane. The matter has no simple solution, as 
indicated by the problem of meeting pilot comfort 
at a ground temperature that may be as high as 120°F. 
and, within a few minutes, the discomfort of extreme 
cold at 30,000 ft. altitude. Certain parts of planes 
are more exposed to the cold than others and personnel 
suffers accordingly. Extreme cold, more than any 
other local condition, rapidly lowers morale and 


efficiency. 


Noise and Vibration 

Then there is the matter of noise and vibration. In 
long flights these are conducive to fatigue and are major 
factors in distractibility with consequent depreciation 
of efficiency. 
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Physical Comfort 


Pilots and crew are frequently cramped in certain 
types of aircraft. Movement is restricted; seats are 
hard and uncomfortable. The element of reasonable 
provision for physical comfort has not been adequately 
provided. 


CRASH HAZARDS 


The present types of military aircraft have installa- 
tions within the cockpits or compartments particularly 
conducive to injury in case of forced landing or crash. 
Especially is the head in danger of needless injury. 
There is the greatest need for engineering improvements 
in the modification of protruding objects, corners, and 
items of installation to minimize unnecessary injury 
to personnel in case of forced landing or crash. This 
goes hand in hand with the need for more effective 
measures of protective appliance for flying personnel. 
Simplification of instrument paneling is also indicated. 
Further improvement of cockpit illumination is most 
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iusportant for night operations. There is need for 
active measures to improve the integration of headgear, 
goggles, oxygen masks, and clothing. Many of these 
items may be individually good, but they do not fit 
together as a whole. The result is a leaking oxygen 
mask or goggle, bulky clothing, and consequent im- 
pairment of pilot comfort and efficiency. 


CONCLUSION 


These are some of the problems requiring the joined 
cooperation of the doctor, the engineer, and the in- 
dustry. There are others that fit into this general 
picture. Much has been accomplished by the selection 
and training of air crews and flight surgeons and by the 
development of new equipment, but the planes have 
pushed the pilots to their physiologic limits. Addi- 
tional adjustment must come in large measure through 
engineering improvements in aircraft and equipment 
to bridge this gap between human limitations and 
advance in aircraft performance. 





(Continued from page 24) 


a simultaneous venture. Aircraft in peacetime did not 
normally carry first-aid kits, but this small item alone 
has developed into a godsend and has been responsible 
for relief of much suffering. Its effect on morale has 
been great. 


Numerous accessories have been developed, such as 
life rafts with innumerable components such as water, 


food, signaling devices, fishing gear, first-aid equip- 
ment, and many lesser items. Selection of the proper 
food for such a purpose has occasioned a great deal 
more thought and study than might be immediately 
evident. Likewise, methods for obtaining water in 
mid-ocean on a life raft are the focus of intensive study. 
Solutions for these problems are in sight, but it is re- 
gretted that so much human suffering has been endured 
to this point in time. 
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Column with Equal-Spaced Elastic Supports 


SHOU-NGO TU* 
Massachusetts Institute of Technology 


SUMMARY 


The buckling load of a column with equal-spaced elastic sup- 
ports is calculated by solving a difference equation of the second 
order. Two types of end conditions are considered: simple 
supported and built-in. In each case, a column with one, two, 
or three intermediate supports is examined. An asymptotic ex- 
pression is derived for the case when the number of supports 
approaches infinity. 


NOTATION 


= number of spans of the column 

length of a span of the column 

spring constant of the elastic supports 
bending stiffness of the column 

= stiffness ratio, CL?/EI 

buckling load of the column 

a dimensionless parameter, PL?/EI 

M = bending moment, sign according to beam convention 
reaction of support, positive if upward 

= deflection of the column, positive if upward 
an integer between 0 and m 

= a parameter defined by Eq. (7) 


“wWamanes 
~~ 
i ll ll 


YR by 
| 


INTRODUCTION 


6 ber BUCKLING LOAD of a column with equal-spaced 
elastic supports can be obtained either by using 
the energy method or by solving the differential equa- 
tions.' In both cases, when the number of spans is 
large, the labor required to arrive at the final result is 
great. But it may be shown that, if we keep the 
length of a single span (L) and the stiffness of the elastic 
supports (C) constant, the change in the buckling load 
of a column (P) with the change in the number of spans 
(m) is small when m is large. It is therefore desirable 
to find some asymptotic expressions for the buckling 
load as m approaches infinity. The present paper 
suggests a new method of attack by which such an 
asymptotic expression can be obtained. When the 
number of spans is finite, the labor required to find the 
buckling load by the present method is at most equal to 
that required by other methods. 


FORMULATION OF THE PROBLEM 


Consider a column cylindric in form and uniform in 
material. Between the two end rigid supports there 
are (m — 1) equally spaced elastic supports. These 
supports are assumed to take tension or compression 
only. Their rigidity against deflection is denoted by C. 
If the distance between two neighboring supports is L 
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Engineer, 


and the bending rigidity of the column is EJ, by the 
three-moment equation for beams under axial compres- 
sion we have the following relation between the mo- 
ments at three consecutive supports :? 


a(M, at + M, + 1) aa 28M, = 

P(yz —1 — 2e+ ¥241) (1) 
where 
#@ = PL*?/EI 


a =tescit — l, B = 1 — coti?, 


Now the reaction at the xth support is R, (Fig. 1), 
1 


R, = z| Me -1— 2M, + Me4it 


Poe 1-2 +94) | 


and the force exerted by the support on the column is 
— Cy, (the negative sign is used to make the sign con- 
vention consistent). We then have 


—CLy, = M, ~1— 2Mz+ Mz 41+ 
P(yz —1™~ 2y2 + Vz ao 1) (2) 
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Fic. 1. A column with m intermediate supports. 


Subtracting Eq. (1) from Eq. (2) and rearranging, 
—CLy, es (a + 1)(M, -—1 + M, a 1) + 2(8 = 1)M, (3) 
Substituting Eq. (3) in Eq. (1) to eliminate the y’s, 
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+e DOGL@+4E00.9 + {26 mpyit 1+ Fa)x 


(Mp1 Me 41) +2(a-28+3+ 4 8)M.=0 
(4) 


Let 
S = CLY/EI (5a) 


Amiggy (Qa 28+4> Ga). 

S : s 

2 ch 2ieos (+ ~ sin t) (5b) 
ee ee 
ar zeals 28+3+,$ 8) = 
S/. 

1 + 2 cost + 3 (sin ¢ — t cost) (5c) 


then Eq. (4) becomes 
(M,~2+ Mz42) — A(M,-~1+ Mz 41) + 2BM, = 0 
The solution to this difference equation is* 
M, = a, cos dix + dD, sim Mix + ae cos Aox + desin Axx (6) 
where ); and ) are roots of the equation 

7 ona, -+Acoe hk: B.w0 (7) 
From Eq. (3) we find the displacement at the xth ‘sup- 
port is 
Yer 


+o : | (cs Ai — cos t)(a; cos Aux + b; sin Aix) + 


(es Xe — Cos 1) (ae cosex + be sin ne} (8) 


To determine the relative value of the four arbitrary 
constants in Eqs. (7) and (8), there are four conditions 
to satisfy: one for each end* and two for the static 
equilibrium of the whole column when considered as a 
free body. If the conditions at both ends are the same, 
the type of displacement at, buckling is either symmetric 
or antisymmetric with respect to the midpoint of the 
column. This fact reduées the number of arbitrary 
constants from four to two. In case of symmetric dis- 
placement, we expect 





* In fact two boundary conditions should be satisfied for each 
end. Here the condition that the displacement at the end is zero 
is not used directly. It is included; however, in computing the 
reactions at the end supports. 


Hence the conditions are 
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: M,'}= Mn =- 
Therefore, from Eq. (6), 
a; sin (m/2)d; — 5, cos (m/2). = 0 
dz sin (m/2)d2 — be cos (m/2)r\2 = O 


Consequently, Eqs. (6) and (8) become 
M, = acos [(m/2) — x]. + bcos [(m/2) — x]rd2 (9) 





mpenes._ Sve Tee 1h dog (Txt gy 
95, ICH aime 2028 M008 #) C08 Ls Js 


b(cos Ax — cos ¢), cos (7 _ r) r| (10) 
In case of antisymmetric displacement, we expect 
M, = —M,-,; 


Therefore from Eq. (6) 


} 
oS 


a; cos (m/2)ky + by Sin (m0/2)rA\y = 
dz cos (/2)d2 + be sin (mi/2)X2 = O 


| 


Consequently, Eqs. (6) and (8) become 
M,.= ¢ sin (F — :) Ai + d sin (” — ) (11) 
2b.» 

7 ~ CL sin 
d(cos \2 — cos #) sin ¢ _ x) | (12) 


“| eos Ai — cos ¢) sin (S - x) + 


COLUMN WITH! SIMPLY SUPPORTED ENDS 
Symmetric Displacement 


If, the. type of displacement of the column at buckling 
is symmetric;with respect to the midpoint, the moment 
and displacement at the «th support are given by Eqs. 
(9). and,:(10).. The. boundary conditions are: The 
moment at. the,end support is zero and the resultant 
force acting on the column is zero. In symbols, 

M, = Oand >) R, = 
x=1 
Now 


= —Cy,;, = 12 ...(m@ — 1) (13) 


R, 
TAs Mo + Mi + Py), 


sail 


Rn 


= 7 (46 ~1—~ Ma t+ Prva — :) (14) 


a cos (m/2) + b cos (m/2)r\2 = 0 


2 m 
a} 7 cos\> = 
2 m 4Pt 
b Fic0s Hse Lp delim CL sin (cos Az! + 'cds ¢) cos 


Doo (%- #9 re 


ae | 


r)% i APE . 2t m —1 sei] >y 
1 CL? sin ¢ °° 1 — cos t) cos 7 A+ oie Bein 16S08™ 7 e9sf) 2 cos (> —x)r\y 


tent) Pt (708 Ae + /cos t) X 





Si 


co 


M: 


sin 
sin 


(ec 


Eli 
(7) 


(m 


Wi 











COLUMN 


Eliminating a and b from these two ecuations and sim- 
plifying (making use of Eq. (7)), 
448 m m 
SLan! (cos \y — COs Ag) Cos z 1 cos — Ae = O 


2 2 
Since cos \; and cos i: are in general not equal to each 
other, the above equation reduces to 

cos (m/2)\ = 0 
Therefore 


h = [(2n + 1)/m)z, n = 0,1, 2...(m — 1) 


II 


Substituting in Eq. (7), 
S 
cos (*# + 1) on — [2 + 2cost— 5 (¢— sin) | x 


cos (=+*) r+ E +2cost+ (sin - tos) =0 
(15) 


From Eq. (15) the buckling load may be obtained. 


Antisymmetric Displacement 


In this case the moment and displacemetit at the xth 
support are given by Egqs.’(11) and (12), respectively. 
The boundary conditions are: The mometit at he end 
support is zero and the moment acting on the column is 
in equilibrium. In symbols, 

Mo = 0 


m—t1 


My — Mn. +¥.mRoL + Rem ~x)L = 0 
} z=1 ‘ 
Making use of Eqs. (13) and (14), they become 


. m . m 
csing + dsin 5 4 = 0 


c| msin eo UGE an} (€0s y +:cost)iX 


in (™ 1} 9) GP Goosen NE (oie ) 
sin|> — a Peg COS i cos (du, m x 





.- [m q _ (m 1)> 2Pim 
sin 9 —x)]ry | + m sin - 2— Chsint * 
N takers kaw) sectewh t 
(cos \z2— cos ¢).sin pst at , Ac98 2 — cos t) X 

m-—1 
> (n> 2) Sin (F' x) me | = 0 
z=1 


Eliminating c and d‘and simplifying by the use of Eq. 
(7), 
aise 2)( t yj hi — cos Ae)(1 — cos 2] 


sin ¢ (1 — cos Ay)(1 — .cos dg) 





a . Me 
sin’> ‘sin 5s = 0 


With the same reasoning as before, it reduces to 


sin (m/2)\ = 0 
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Therefore 
dh = 2nzx/m, w=, DS. .m 


Substituting in Eq. (7), 
4 ; ; 
cos — = _ [2 + 2cost — Si — sin ) | cos > + 
m t8 m 
a 
1+2cost+ ji (sint — tcost)}-=0 (16) 


From this equation we may solve for the buckling load 
corresponding to antisymmetric displacement. 


Buckling Load 


For a given number of spans (m) and for a given stiff- 
ness ratio S, the buckling load is given by either Eqs. 
(15) or (16), depending upon which is smaller. In fact, 
these two equations can be combined into one— 
that is, 


nr 


D) 
cos —" —| 2 + 2cost — Sy — sin?) | cos — + 
m fs m 


E + 2cost + = (sin t — t cos | = Q (17) 
where mis any integer between 1 and m..' If we plotit 
versus S, Eq. (17) gives a:set of m curves.. The lowest 
border thus formed is the required buckling load versus 
support stiffness curve: “ 


One Intermediate Support (m = 2) 
In this case Eq. (17) becomes 


nr 


S 
cos wr —[2 +2 cos 1 ~ 5 (¢ — sin t) |eos + 


S 
[a+ 2 cone + 5 (sin t — t e081) | = 0 


where m may be lor 2. Letting m take these values, we 
have the following equations: 


2 cost + (S/t*)(sint — tcost) = 0 
4(1 + cost) — (S/#)(¢ — 2sint + tcost) = 0 


The second equation may be put in the form 


‘ oo nis L 
2(1 + cos #), 2mA gi tans = 0 


For all values of .S the first factor always gives the 
smaller buckling load. Therefore we have the follow- 
ing two equations that relate the buckling load with the 
stiffness ratio: 

S = 2t*/(t--y tan #) 

t=fr 


These are plotted in Fig. 2. The transition takes place 


when SS has a value 27’, 
Two Intermediate Supports (m = 3) 


Let: n, take the value 1, 2, or 3, respectively. From 
Eq. (17) we have; after simplification and transforma; 
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Fic. 2. Buckling load of a column with one intermediate sup- 
port. 


tion, the following three equations that give the relation 
between the buckling load and the stiffness ratio: 

S = #8/{t + [sin t/(1 — 2 cos #)]} 

S = #/{(t/3) — [sin t/(1 + 2 cos £)]} 


t =f 


These equations are plotted in Fig. 3. The transition 


takes place when S is equal to 4.6 and 37°. 
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Fic. 3. Buckling load of a column with two intermediate sup- 
ports 


Three Intermediate Supports (m = 4) 


Let n take the values 1, 2, 3, and 4 in each case. 
From Eq. (17) we have the. following four equations 
that give the relation between ¢ and S: 


Sa; i 4 | ee 
oe 2— 7/2 ~/2 — 2 cos t 


2t3/(t — tan t) 


—/ 
II 





t sin ¢ 
2+ v2 /2 + 2 cos t 
t=fr 


These equations are plotted in Fig. 4. The transition 


takes place when S is 1.3, 13.0, or (2 + +/2)r?. 
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Fic. 4. Buckling load of a column with three intermediate sup- 


ports. 


Asymptotic Expression 


For a column with (m — 1) intermediate supports, 
the ¢ versus S curve is given by the lowest border formed 
by a set of curves derived from Eq. (17). As the num- 
ber of supports increases, it becomes the envelope of the 
curves given by Eq. (17). To find the envelope, we 
differentiate Eq. (17) with respect to m and equate the 
resulting expression to zero: 


J. 


an eke 
mt lea o 


-| 2+ 20081 — 3 (= sins) | sin ' 
= 0 


or 
. ans nt a ae 
sin — < 4 cos — —| 2 + 2cost — — (¢ — sint) |7>= 0 
m m e 
Unless n equals m, 
1 oa : 
cos, = [2 + 2cost — fi (¢ — sin | 


Substituting in Eq. (17) and simplifying, 


(¢ — sin t)? (=) - 4(1 — cost)(¢ + sin ¢) (3) + 


4(1 — cost)? = 0 (18) 


This equation gives 7 as the maximum value for ¢ and it 
occurs at S equals 47*. When m equals m 


sin r = 0, cos 7 = — 1 


From Eq. (17), 
1+ cost = 0 
That is 


t=fr (19) 


Now from Eq. (17) it is readily seen that the transition 
from the type of displacement corresponding to = 
(m — 1) to that corresponding to » = m when m 
approaches infinity occurs at S = 47°. Therefore the 
asymptotic expression consists of two parts: For S less 
than 47° it is given by Eq. (18), and for S greater than 
4n? it is given by Eq. (19). These are plotted in Fig. 5. 
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Buckling load of a column with infinite number of inter- 
mediate supports. 


COLUMN WITH BUILT-IN ENDS 
Symmetric Displacement 


In this case the moment and displacement at the xth 
support are given by Eqs. (9) and (10), respectively. 
The boundary conditions are: The slope at the end 
support is zero and the resultant force acting on the 


column is zero. In symbols, 


BM ~ aM, => Py, 


m—1 


Ro + Rn +~ > x = 0 


x=1 
Using Eqs. (13) and (14) and taking into consideration 
Eq. (7), 


a| 2(c0s A; — cos f) cos ™ dy + (—A +2+2cos X,) X 


sin A; sin “4 M1 | +b 2 (cos A: — cos ¢) cos do + 


“~ 


(— A + 2 + 2 cosdg) sin re sin | = 0 


1 + cos Ay m 


’ 1+ costs. m 
sin > A, + b— : 


sin PY = 0 











a . 
sin de 


‘sin Ay 
Eliminating a and b, after some further simplification, 
we have the following expression from which the buck- 
ling load of the column corresponding to symmetric 


displacement may be derived. 


(cos \y — cos ¢) sin Ay m 








a cot = Mi = 
1 + cos A, r 
cos }x — cos ¢) sin X m 
on - cot —re (20) 
1 + cos dre 2 


Antisymmetric Displacement 


In this case the moment and displacement of the xth 
Support are given by Eqs. (11) and (12), respectively, 
and the boundary conditions are 

BMo + aM, > Py; 


m—1 


Mo — Mn + mRoL + >> Rm — x)L = 0 
x=l 
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Proceeding as before, we finally arrive at the equation 


(cos \; — cos ¢) sin \y m 
aes “y Mi = 





1 + cos Ay 
(cos Az — cos ¢) sin deg m 

: — tan—d. (21) 
1 + cos Ae 2 


From it we can derive the buckling load of the column 
corresponding to antisymmetric displacement. 


Buckling Load of a Column When the Stiffness of the 
Intermediate Supports Becomes Infinite 
This is the case corresponding to a column with 
equal-spaced intermediate rigid supports. From Eq. 
(7), as S approaches infinity 
cos \yj = — @ 
sin t — tcost 


t — sint 


cos re 


hence, A; is imaginary and is equal to r + (2)(@). 


From Eq. (20) 
cot (m/2)d\. = o 
therefore 
9) 
» = =e, n= 1,2,3...m (22) 
m 
From Eq. (21) 
tan (m/2)d\, = © 
therefore 
he = (2n + 1)x/m, n=0,1,2, ...(m—1) (28) 


Eqs. (22) and (23) can be combined into one equation 


Ae = n/m, Se 
hence, 
nr sin t — tcost 
cos \y = cos = = 
m t— sn? 


For a column with built-in ends the smallest buckling 
load is obtained by setting ” equal to (m — 1) in the 
above equation: 











sin t — tcost T 
—_——_——- = cos - (24) 
t#—sint m 
Some solutions of Eq. (24) are given in Table 1. 
TABLE 1 
m 1 2 3 4 5 6 © 
t 2a 4.49 3.86 3.57 3.43 3.35 T 





One Intermediate Support (m = 2) 
In the case of symmetric displacement, we have, 
from Eq. (20), 


cos \; — cos f cos Ae — cost 
— — cos \y = ——\—— COS he 
1 + cos A; 1 + cos de 
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Simplifying by Eq. '(7), 
(A — 2 cost) cosy — (B +1), 
1+ cos \y 
(A — 2.cos#) cos x — (B — 1) 








1 + cos de 


or 
(A + B — 1 — 2 cos #)(cos \; — cos dz) = 0 


Since cos \, is not equal to cos de, 
A+ Bid — 2 cost. =.0 
Solving for S, 
8B 
[(t/2) — tan (t/2)] 


In the case of antisymmetric displacement, we have, 
from Eq. (21), 





S = (25) 


M : 
os 2c a f sin A; tan Ay = 
1 + cos \y 
cos Xx. — cost , 
——_————- sin dz tan de 
1 + cos de 
or 





ia AE nite i:) = 
on x, eos Ai — cos t)(1 — cos dj) 





eke (cos Ax — cos t)(1 — cos d-) 


Simplifying by Eq. (7), 
(B — 1 — 2 cos #)(cos \; — cos Xx) = 0 
Since cos ),; is not equal to cos do, 
(.S/t®)(sin t — t cost) = 0 (26) 

tis then a constant. 

Both Eqs. (25) and (26) are plotted in Fig. 2. There 
is a transition point when S is 25.5. For S less than 
25.5; the displacement at buckling is symmetric with 


respect to the midpoint of the column; for S greater 
than 25.5, the displacement is antisymmetric. 


Column with Two Intermediate Supports (m = 3) 


Proceeding as in the case of one support, from Eq. 
(20) . 


[(¢ — sin t) — (sin ¢ — ¢cost)][2(sin ¢ — tcost) — 
(t — sin ¢)](S/é*)? + [(5 + 6 cos t)(¢ — sin t) — 
(9 + 10 cos /)(sint — t cos t)|(S/#?) — 4(1 + cost) X 
(1+2cost) =O (27) 
From Eq. (21) 


[2(sin ¢ — tcost)? — ¢(1 — cos t)(t -- sin t)](8/t3)2 $a 
[4(1 + cos t)(sin t — ¢ cos t) + 2(¢ — sin’ #) + 
t(1 — cos ¢)(1 + 2 cos t)](S/é#) = 0 (28) 


The numerical values calculated from Eqs. (27) and 
(28) show that for the whole range of S the buckling 
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load of the column is given by Eq. (27). This means 
that the displacement is always symmetric at buckling. 
Eq. (27) is plotted in Fig. 3. 


Three Intermediate Supports (m = 4) 
Proceeding as before, from Eq. (20) 


[(sin t — tcost) — (¢ — sin #)](sin t — t cos t)(S/t®)? + 
[(3 + 4 cos ¢t)(sin t — tcost) — cosi(t — sint)] x 
(S/t®) + 2 cos t(1 + cost) = 0 (29) 


From Eq. (21) 


[2(sin ¢ — t cos t)? — (t — sin t)?](S/t*)? + 
(sin 2¢ — 2t cos 2f)(S/t?) = 0 (30) 


They are plotted in Fig. 4. In this case, there is again 
one transition point at which the type of displacement 
changes. 


Asymptotic Expression 


To calculate the buckling load of a column with 
built-in ends and (m.— 1) intermediate supports, an 
equation of '/gmth or 1/2(m + 1)th degree (depending 
on whether m is even or odd) should be solved. But if 
m approaches infinity, the buckling load may be found 
in the following manner. As m becomes large, corre- 
sponding to a given S, the buckling loads calculated from 
Eqs. (20) and (21) should approach each other; as m 
becomes infinite, they should be equal. Hence from 
Eqs. (20) and (21), we have, as m approaches infin- 


ity, 
tan? (m/2)d\, = tan? (m/2))e 


This is satisfied if the roots of Eq. (7) are equal. Con- 
sequently, 

A? — 8(B — 1) =0 
or 


(¢ — sin ¢)?(.S/t?)? — 4(1 — cos ¢)(¢ + sin ¢)(S/t8), + 
4(1 — cost)? =0 (81) 


This equation is identical to: Eq. (18). As stated  be- 
fore, the value oft given by this equation reaches its 
maximum when 5S is equal to 47. At that value of S, 
the deflection of all supports may be shown to be zero 
and the column buckles with the supports as node 
points. If Sis larger than 47°, by the principle of least 
work, it,is reasonable to assume that the buckling form 
will not be different from that when S is 47?.* Conse- 


* In case the displacement format buckling changes when S 
is. larger than 47%, the number of half waves in the new form 
must be larger than that in the old one. Consequently, the 
strain energy stored in the column is increased. At the same 
time, as the supports are deflected; ‘additional strain energy is 
stored in them. This is contradictory to the principle of least 
work. Therefore the buckling form remains unchanged if S is 
greater than 47”. 


(Continued on page 75) 
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Daren of Elbows 1 in Potential Motion 


BOLESLAW SZCZENIOWSKI*~ 
Ecole Polytechnique, Montreal 


LBOWS WITH A CIRCULAR CURVATURE, in general 
usé today, are, no doubt, causing ¢gertain losses 
of energy.manifested by a decrease of pressure. In 
case of ordinary steam, water, or air pipe lines, these 
losses can be considered as admissible because of the 
simplicity of construction and low manufacturing cost 
obtained through ,the use of ordinary elbows with a 
circular curvature. The case is different when it 
comes to shaping elbows of extremely large dimensions 
meant for the transfer, of a large quantity of fluid, as, 
for instance, in the case of pipe lines for large water 
turbines where the cotistruction of the duct is bound 
to be a complicated one. In Such a case the shaping 
of the elbows in accordance with certain theoretic 
considerations should not raise the manufacturing cost, 
yet there will be a considerable advantage in’ the ré- 
duction of losses of potential energy in the functioning 
of the turbine. 

The shaping of wind tunnels is a different problem. 
In that case it is important to obtain, after the turn, 
an even stream of fluid, free from vortexes and having 
a velocity as uniform as possible throughout the cross 
section. Here the shaping of jthe elbows with the 
hydrodynamic equation of continuity of the fluid in 
view seems to be particularly indicated. 

The purpose of this study is’ the solution of the 
problem of the shaping of elbows in such a way as to 
fulfill the equation of continuity of the fluid in a two- 
dimensional flow: 


(O*Y/dx) + (DW/dy*) = 0 
yh 
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where Y = Const. designates the stream lines and x, y 
are rectangular coordinates. Tle elbows thus obtained 
may have a rectangular cross section as well as a circular 
one, or, for that matter, any outline representing a 
closed line, provided the stream velocity u remains 
uniform before and after the bend. In a more general 
case where the velocity after the bend is different 
(corresponding to su, where s ~ 1), the cross section 
of the elbow can be rectangular only because of the 
two-dimensional character of the motion. In ‘the 
present study the solution for a quite rege d angle 
5 is given (Fig. 1). 


BOUNDARY CONDITIONS; THE FORM OF COMPLEX 
POTENTIAL 


We will limit ourselves to the stationary, two- 
dimensional motion of an ideal incompressible fluid. 
Suppose that a two-dimensional stream, having a 
width 56 and uniform velocity u, is deflected from its 
original direction at an angle 6 and, after the deflection 
again becomes a stream having the width 6 and uniform 
velocity u. That condition is_strictly fulfilled only 
when the stream before and after the deflection is 
approaching uniform and rectilinear motion asymptoti- 
cally. We also assume that the elbow is symmetric 
with respect to the bisector of the angle y = 4 —. 6. 

The following form of complex potential takes into 
account all the above conditions: 


te7#@/2) te 1 (6/2) 
Dasa sin (8/2) wa [ Sarr 7a) ]or/ew 
ie! (6/2) 
ae ora @) Jon - 


where s = x + iy,i = /—1, W = ® + i¥, with @ 
designating velocity potential; WY, stream function; 
a, any linear parameter; and u, any constant velocity 
(the velocity of a uniform stream in infinite). 


VELOCITIES 


In a potential motion expressed by the equation 

= F(W) the component velocities.v,, v, are defined 
from the equation v, — iv, = 1/F’, where F’ represents 
the derivative of F. The total velocity is V = 
V02 + v,?. 

The following two conditions are imposed: (1) The 
total velocity V should at no point of the flow exceed 
the boundary value u—that is, V S u; (2) no stream 
line should have singular points. The latter condition 
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is identical with the condition that the velocity V 
should not reach the singular values (0 or ~). 
The extremes of V are obtained from the condition 


Ui 


] | 
real part |— | = 0 (2) 
it 
If it is desired to consider the condition V S uy, put: 
ts 5 a 6 
(nw) +-+- =— 2- + (nx) (3) 
eS (4--ae. 4 


The third and last condition imposed is to avoid 
inflection points on any stream line within the elbow. 

The condition of inflection of a given stream line 
W = Const. is d*y/dx? = 0, which is identical with the 
condition 

| Fr | 

P| = 0 (4) 

Applied to potential (1), two conditions are obtained 
to avoid inflection points, of which the following one 
is more convenient since, it gives broader limits 
for V: 


imaginary part 


pie See att mM 
n a es el ee we " 


Considering at the same time condition (3) and 
assuming that » = 0: 
>< +" (6) 
Mee 6 


Consider the delineations of the walls of the elbows, 
where VW, = (6/4)au and VW, = [(6/4) + (w/4) ]au. 
In the particular case when 6 = 180° the upper 
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limit should be slightly lower then 2 as it reaches the 
infinite. 


RECTANGULAR ELBOW 


A case particularly interesting from the technical 
standpoint is 6 = 90°, or 


ef + 1) (2/a) = ¢ 


: V/ _ Vv oi 
(i + 1) (W/au) e” 1) (W/au) (7) 


Vv © ® 
cot — + cot — tanh 
au au a 





* 
"3 arctan mn ee ry + 
cot — cot — tanh — 
au au 
2 Se De Pee 
eee + In y 2 (cosh 2 + cos2~) (8) 
2 au au au 
Vv ® p 
cot — + cot — tanh — 
y 1 , au au au 
- = — arctan = — : = 
2 Vv ® 
af 7 cot — cot — — tanh 
au au 


au 


_ - a — ee 
1 
~~ + iny2| cosh2 * + cos2™ | (9) 
au au 


2 au 


cosh 2 (6/au) + sin 2 (¥/au) 


In the preceding equations ® plays the part of a 
variable parameter for an arbitrary current line V = 
Const. At the inner wall of the elbow ¥; = (x/8)au; 
at the outer wall VW. = (37/S8)au. 

Fig. 2 shows the outlines of the elbow and the dis- 
position of the stream lines. Cutting the elbow at the 
point indicated by the arrows, one makes an error less 
than 1 per cent of the width of the channel. 

One of the most interesting rectangular elbows is 
the one destined for a pipe line of a circular cross 
section. The shape of any desired cross section of 
such an elbow is easily determined by the condition 
that the stream lines that formerly were on the walls 


V “ ‘ICE: cos 2 (v/au) (10) 
u 
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of the straight circular pipe should remain afterward 
on the walls of the elbow, while the motion remains 
flat. The cross sections thus determined (AB, AC, 
AD, AE, AF, AG) (see Fig. 2) are given on Fig. 3. 


GENERALIZATION: VELOCITY RATIO s ¥ 1 


In this case the two-dimensional stream with uniform 
velocity u becomes, after deflection at any desired 
angle 6, a stream with the uniform velocity su = u/u 
(Fig. 4). The complex potential here will be: 


ie—*@ 2) ie ~ 1 (6/ 2) 
sin (6/2) Je a [# sin 6 2) jw ad 
é 


= 2) 
W/au) 
is (8/2) ] fee 





(11) 


ELBOWS WITH STRAIGHT OUTER WALLS 


In order to obtain elbows with straight outer walls 
(Fig. 5), the following form of complex potential may 
be used: 


cosh q = (2) LL gs (W/an) cot 6/2) cosh (™) (12) 
\ sin (6/2) J \@ f au 


The reader will easily find a certain analogy of this 
form with the solution given by Milne-Thomson.' 
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(Continued from page 72) 


quently, ¢ remains constant and equal to m for S larger 
than 4r*. Therefore the asymptotic expressions are 
identical to those for a column with simple supported 
ends. This is a logical result because the conditions at 
the ends of a long column with intermediate supports 
have negligible effects on the buckling load of the 
column. 
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Stress’ Problems in the Design of Wooden 
Airplanes _ Ss a 
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ZBIGNIEW KRZYWOBLOCKYT*: 
. Polytechnic Institute of Brooklyn 


SUMMARY 


Stress problems in wood design encountered in previous years 
are presented. Starting with the difficulties of the mutual inter- 
action between wood and plywood, the problems of the strength/- 
weight ratio and of brittleness and vibration are discussed. The 
paper concludes with an analysis of the present state and the 
probable future development of the construction of wood air- 
planes. 


SYMBOLS 

5 = elongation 

P, = load on the part of the beam made from ma- 
terial 1 

P, = load on the part of the beam made from ma- 
terial 2 

ly = length of the. part of the beam made from 
‘material 1 

Ie = length of the part of the beam made from 
material 2 

A, = cross-section area of the part of the beam 
tnade from material 1 

A; = cross-section area of the part of the beam 
made from material 2 

E = modulus of elasticity 

W = total load 

or = tension stress 

M,, M; = partial bending moments taken by one or 
another part of the beam 

M = total bending moment 

Foi, The = bending stresses 

h, I: = partial moduli of inertia of a beam composed 
of two materials 

r = radius of curvature of a deflected beam 

6 = angle of twist per unit length 

Ma = torque acting on the part of the beam con- 
sisting of material 1 

Mea = torque acting on the part of the beam con- 


sisting of material 2 


Gi, G2 = moduli of rigidity 
Ip, I pa = polar moduli of inertia 
Tmaz, 1, Tmas,2 = Shearing stresses on the outside diameters 
dy, dz = outside diameters of solid and hollow cylin- 
ders 
Y = specific weight 
INTRODUCTION 


5 hus PURPOSE OF THIS PAPER is to present the stress 
problems the author met in wood aircraft design 
in previous years in European aircraft companies and 
research institutes and the resulting trend in such de- 
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velopment. This presentation is based entirely on the 
experiences gained in actual wood design and research 
involving full-scale static tests of various wooden 
wings, including those of a bomber, and the analysis of 
various aircraft accidents. The ideas contained are an 
extension of opinions expressed by the author some 
time ago.! ? 

The discussion first deals with the interaction of two 
materials with different élastic properties in tension, 
bending, and torsion. Jt isassumed that the two ma- 
terials are ideally conriected ‘together and that there 
is no sliding between-them. ‘The interaction.of two ma- 
terials ha¥ing different elastic-properties is»eonsidered 
to be best wheii both materials simuttatiedusly reach 
their ultimate stresses. 

It is shown that the stresses, are distributed in ac- 
cordance with the moduli of elasticity’ or rigidity and 
that greater stresses are taken by the material with the 
greater modulus of elasticity or rigidity if the deflections 
and deformations are the same for both materials. In 
structures of ordinary wood (hereafter referred to as 
wood) and plywood, there is no interaction between 
these materials. That is one reason why wooden struc- 
tures are not lighter than metal structures. With re- 
gards to the strength/weight ratio the average value of 
the strength/weight ratios in tension and compression 
may be accepted. That is another reason why 
wooden structures are not lighter than metal struc- 
tures. 

Probably the most vital problem in wood construc- 
tion is the brittleness of wood and plywood. The great 
internal damping of wood probably causes the ‘‘ex- 
plosive’”’ type of vibrations sometimes vividly described 
by pilots of wooden airplanes. To add to this picture, 
the proper joining of plywood sheets is not yet satisfac- 
torily solved for commercial production. 

A short review of existing types of wooden airplanes 
follows. Then an overall picture is presented of the 
various types of construction of wings and fuselages in 
all-wood airplanes and in mixed construction airplanes, 
with special emphasis on commercial and military ap- 
plications. 


BEAM OF Two DIFFERENT MATERIALS IN TENSION 


Assume a beam composed of two different materials. 
The two materials are ideally connected together and 
there is no sliding between them. Also assume that the 
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beam is ‘in tension and that the elongations of both ma- 
terials are the same. 





6 = P,L,/AvE, = P2In/ Asks (b) 
Pi t+ Pe = W (2) 
After some transformation: 
P, fet ( TeA Ey ) W (3) 
LAE, + LAE, 


P, ios ( L,A2F, 
LiAok, + LAE, 


Assuming the length is the same for both parts of the 
beam, then: 





) W (4) 


P,/P2 = AiEi/Ask, (5) 
or 
on/Or = E/E: (6) 


Therefore, in the case of the interaction of two ma- 
terials, both of the same length, composing a beam in 
tension, the tension stresses are distributed in propor- 
tion to the moduli of elasticity. 


BEAM OF Two DIFFERENT MATERIALS IN BENDING 


Assume a beam in bending composed of two different 
materials, ideally connected together. The deflections 
of both materials are the same so that the beam works 
as one whole. There is no sliding between the materials 
and the radius of curvature for each point of surface of 
connection is the same. 


M= M+ M, (7) 
My = E,l;/r (8) 
M2.= Eol2/r (9) 

M,/M2 = E,l;/E2le (10) 


Assuming that the heights of the cross sections of both 
materials are the same, 


on /O2,.= Ei /E, (11) 


In the case of interaction of two materials composing 
a beam in bending, the bending stresses are distributed 
again in proportion to the moduli of elasticity. For a 
more detailed derivation of the above equations, refer 
to works treating the subject of strength of mate- 
rials.*: 4 


BEAM OF Two DIFFERENT MATERIALS IN. TORSION 


Assume a beam in torsion-composed again of two dif- 
ferent materials, ideally connected together. There is 
no sliding between the materials. The angle of twist is 
the same for both parts of the beam. One material 
composes the solid core; and other,.a hollow cylinder 
around the solid core. 


d= Ma/GiU = M 3/GiT 52 (12) 
Tmaz: 1 = M ad,/2I 9 (13) 
Tmaz, 2) = M wd2/2I 52 (14) 


From the above, 
(Mx/Tq1) : (Mea/Ip2) = Gi/Gr (15) 
T maz. 1) Tmas. s,™= (M nd,/T 91) : (M gd2/T 52) (16) 


Assuming a special case of the distribution of the torque 
on two beams having the same circular cross sec- 
tion, ideally connected together and acting parallel, 


T maz, o/ Fant: > (Ma/I p1:)(M 2/T 2) _ G;/G2 (17) 


Similarly, for two beams having the same rectangular 
section, 


} m pp ; 
Tmaz. 1/Tmaz.2 = G1 G2 (18) 


Therefore, in case of the interrelation of two materi- 
als, having the same cross section, composing a beam in 
torsion, the shear stresses are distributed in proportion 
to the moduli of rigidity. 


APPLICATION TO WOODEN STRUCTURES 


In the case of an airplane consisting of wood and ply- 
wood, of plastic wood and wood, or of any other com- 
bination of the above-mentioned materials, there is a 
condition of the interaction of two materials having 
various elastic properties. From the derived elemen- 
tary equations, the greater stresses are taken by the 
material having the greater moduli of elasticity and 
rigidity, provided the deformations and deflections 
are the same for both materials. Table 1 gives the 
moduli of elasticity for some kinds of wood and’ ply- 
wood.® 


TABLE 1 





Modulus.of Elas- 

ticity of Plywood 

(Three Plies) Par- 

Modulus of Elas- allel ‘to Direction 
ticity of Wood of the Grain of 

Parallel to Grain, _ the Faces, EZ, Lbs. 


Kind of Wood E, Lbs. per Sq.In. per Sq-In. 
Hard Woods 
Ash, black 1,340,000 1,073,000 
Ash, white 1,460,000 1,420,000 
Bass. wood 1,250,000 1,213,000 
Beech 1,440,000 2,149,000 
Birch 1,780,000 2,259,000 
Hickory 1,860,000 1,704,000 
Mahogany, African 1,280,000 1,261,000 
Mahogany, true 1,260,000 1,252,000 
Poplar, yellow 1,300,000 1,544,000 
Soft Woods 
Douglas fir 1,700,000 1,566,000 
Pine, northern white 1,140,000 1,274,000 
Spruce 1,300,000 1,395,000 
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Modulus of Elasticity 


These values represent, of course, the average values 
for various kinds of wood. Some investigators obtained 
different values of E in tests of wood or plywood speci- 
mens.* In any case, it is seen there there are sometimes 
considerable differences in E between wood and ply- 
wood made from the same wood. At the same time the 
strength of plywood (three plies or five plies) parallel 
to the direction of the grain of the faces is less than 
the strength of wood parallel to grain, sometimes about 
30 to 33 per cent.’ It is also difficult to obtain a good 
combination of two materials whose interaction will 
answer the problems met in wing design as well as in 
fuselage design. Still another quality must be taken 
into account—namely, that the value of the modulus of 
elasticity for plywood depends on the angle between the 
direction of grain of the faces and the acting load. It is 
possible to obtain such a curve experimentally® * and 
theoretically.’ * '' Both the tests and the theoretic 
calculations showed that, on an average, the value of E 
for plywood varies considerably with the above-men- 
tioned angle. In design the plywood is usually put at 
the angle 0° or 45° between the direction of grain of 
the faces of plywood and the direction of grain of wood. 
The opinion is usually held that the plywood has the 
greatest modulus of rigidity when the grain is inclined 
at the angle of 45°. In both cases when the angle equals 
0° or 45°, there is no interaction between plywood and 
wood. The modulus of elasticity of plywood, when the 
angle between the direction of grain of faces and applied 
load equals 45°, is much smaller than the modulus of 
elasticity of wood parallel to the grain. One part of 
the construction takes only bending; another, only 
shearing. This is probably the chief reason why wooden 
construction is not lighter than metal construction. 
When one uses plywood having a higher E than wood, 
greater stresses are taken by the plywood, which may 
fail prematurely.t| The problem of proper interaction 
between plywood and wood could be solved eventually 
by putting the plywood at a special angle, but this 
would not be economical with present plywood panels. 
Another approach is to make the modulus of elasticity 
of plywood equal to that of wood by producing a ply- 
wood having more equal values of £ in all directions, 
although in both those cases one may have the differ- 
ences between the values of moduli of rigidity for both 
materials. But this problem is less important because 
shearing is usually taken only by one material—.e., 
plywood. On the contrary, bending should be taken 
by both materials. The Research Institutes in Ger- 
many tried some years ago to create a plywood having 
more uniform elastic properties by laying plies at angles 
of 30° and even 15° (similar to a star) to make plywood 


* See German literature on the subject of wood tests in the 
years from 1935, especially papers of Dr. Kraemer. 

+t This fact was observed during a full-scale static test of a 
bomber’s wing. 


a more homogeneous material than it is now in com- 
mercial use. The results obtained were promising. 


Modulus of Rigidity 


Similar remarks regarding the modulus of elasticity 
might be applied to the modulus of rigidity, although, 
as mentioned above, this problem is less important in 
designing. For example, the modulus of rigidity for 
spruce wood equals 84,000 Ibs. per sq.in.; spruce ply- 
wood at 45°, 420,000 Ibs. per sq.in. At the same time 
the maximum shearing stress for spruce wood equals 
about 1,000 Ibs. per sq.in. and for spruce plywood at 
45° equals about 2,370 Ibs. per sq.in. It has already 
been noted that the plywood has the greatest modulus of 
rigidity when the grain is inclined at 45°. This opinion 
should be revised because some tests showed that the 
modulus of rigidity passes through a definite maximum 
at about 60°.° Of course, this fact again complicates 
the whole problem. A discussion of premature failures 
of wings and leading edges, consisting of combinations 
of various wood and plywood, having different elastic 
properties, during static tests, is given in reference 21. 

Problems of this kind, met with in the design of air- 
planes made from plywood and ordinary wood, prob- 
ably caused the development of various processes to 
produce from wood a more homogeneous material. 
Here one may include plastic wood, molded wood and 
plywood, Duramold, Vidal process, Skyply, and so on. 
Of course, if a designer wishes to combine in a design 
molded wood and ordinary wood and if both materials 
possess various elastic properties, the problems men- 
tioned above are always present. Some values of the 
elastic constants of Duramold and Skyply have already 
been published.” The elastic properties of plastic and 
molded wood and plywood are high, sometimes even 
higher than those of metal.” { The future of wood 
aircraft structures using these materials is promising. 


STRENGTH/ WEIGHT RATIO 


Very often the high value of strength/weight ratio in 
tension for wood is cited as a proof of the superiority 
of wood in comparison to metal from a design point of 
view. But at the present time the strength/weight ratio 
is not considered in all circles as a characteristic value 
of a material. In the case of wood it would be necessary 
to take an average value from the strength/weight ratios 
in tension and in compression. The comparison would 
tend to show that wood has no advantage over metal 
in the weight of aircraft structures. In Table 2 the 
values of ultimate tensile strength/specific gravity ra- 
tios for various materials are given.’ Included also 
are values of strength/weight ratios according to the 

¢t Concerning the elastic constants of various kinds of wood and 
plywood, it must be kept in mind that, especially for wood and 
plywood, the results obtained from tests of small specimens can- 
not be transferred directly to full-scale airplanes. The results 
obtained from these tests are usually too conservative. 
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TABLE 2* 











Ultimate Tensile 


Material Strength, Lbs. per Sq.In. 


Normal plywood: 
Birch or beech 13,200 
Philippine mahogany 10,670 
Spruce 5,600 
High density plywood: 


Birch or beech 28,500 
Philippine mahogany 20,000 

( 100,000 

Steel—heat-treated } 125,000 
150,000 

175,000 

Aluminum—various al- 40,000 
loys 50,000 

| 60,000 


Ultimate Tensile Strength/Weight 

Specific Strength /Specific (Author’s 
Gravity Gravity Assumption) 

0.67 19,700 15,300 

0.53 20,500 15,900 

0.43 13,000 10,100 

0.97 29,400 22,800 

0.95 21,100 16,400 

7.75 12,900 

7.75 16,100 

7.75 19,300 

7.75 22,600 

2.81 14,200 

2.81 17,800 

2.81 21,400 





* It is difficult to find in the literature values of ultimate compressive strength for plywood. The author assumes that the ultimate 
compressive strength equals 0.55 ultimate tensile strength. Also, according to these assumptions: 


Strength __ ultimate tensile strength (1 + 0.55) -' 





weight 2 X specific gravity 


= 0.775 — 


ultimate tensile strength 





specific gravity 


High density plywood is not yet used in aviation. As is seen, plywood has no advantage in comparison to metals. 


author’s assumption. It is seen again from this that 
wood constructions are not lighter than metal construc- 
tions, particularly when taking into account the thin 
airfoils of modern airplanes. In fact, the considerations 
of some authors tend to prove that, at small wing thick- 
ness/chord length ratios, metal is better than wood be- 
cause a lighter wing can be obtained.’ 

Some calculations treating wood and plywood as 
homogeneous materials show results that appear to be 
more favorable to wood.** These results, however, 
should be used with caution unless checked by exhaus- 
tive experiments. The structural weight of modern 
plywood shells may be made less to some degree, and 
some papers show good agreement between theoreti- 
cally predicted and experimentally realized buckling 
load.2* Some investigators apply different weight 
ratios for various conditions of stress. 


BRITTLENESS 


Materials are usually spoken of as ductile or brittle 
depending on how much permanent deformation takes 
place before fracture. But sometimes the opinion is 
held that brittle materials may, under special mechani- 
cal conditions, be brought into the plastic state. Per- 
haps the most widely accepted opinion is that it is more 
correct to speak of the brittle or plastic state of materi- 
als rather than of brittle or ductile materials.” If the 
material has a high modulus of elasticity, is stressed in 
tension, and does not deform permanently to any con- 
siderable extent before fracture, it is termed ‘“‘brittle.’’t 

In any case, the fact that wood, plywood and all 
plastics and molded woods are brittle materials which 





t An opinion expressed by Dr. A. N&dai in a letter to the 
author. 


cannot compete with metals in the field of plasticity 
must be taken into account. If one can introduce an 
idea of ‘‘airplane brittleness’ as a whole, it is evident 
that a part will be played by the climate of a country, 
the condition of the airfields, etc. The problem may be 
important, particularly in the design of the fuselage of 
a military airplane. Very often small cracks are ob- 
served on wooden fuselages after hard landings. 

The problem of the influence of holes is closely con- 
nected with brittleness. Here the factor of stress con- 
centration is important. The stress distribution, es- 
pecially beyond the proportionality limit, depends on 
the ductility of the material. A ductile material can be 
subjected to considerable stretching beyond the yield 
point without great increase in stress. But in the case 
of a brittle material a weakening effect of any hole or 
notch may be observed, and points of stress concentra- 
tion may have a great influence on the whole struc- 
ture.‘ Concerning the possibility of the appearance of 
great stress concentration around holes one should take 
into account a case of a “hard landing.’ In the well- 
known accident to the ‘de Havilland Albatross,” 
which was carefully stress-analyzed, the plane broke 
between the window and door because of an unexpected 
stress concentration. The brittleness of wood is 
perhaps the most vital problem in wood construc- 
tion.t 

t There were many crashes of the French fighter ‘‘Spad’’ in the 
period after the first World War. The airplane was made en- 
tirely of wood and the fuselage was pure monocoque. The 
crashes took place after some years of peacetime service, and in 
typical cases the fuselage broke during take-off on a dry airfield 
during hot summer or after an unexpected flutter developed in 
the air, although the flutter was never before observed on this air- 
plane. In the defense of the airplane it is necessary to mention 
that it was glued with casein and was in service some years. 
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The importance in avoiding stress concentration is also 
emphasized by other authors.”! With this fact is 
closely connected the increase in the weight of a wood 
airplane because of the use of extra material required 
near fittings. 


VIBRATION 


The opinion is often held that wood is an excellent 
material in its resistance to vibration. This opinion is 
true to some degree. Recently, some computations of 
the writer showed that with respect to wing flexural 
oscillations and wing torsional oscillations the de- 
cisive factors, from a material standpoint, are the 
ratios E/y and G/y.'*'* By applying these expres- 
sions, plywood and even Duramold do not show up so 
well as aluminum alloys, magnesium alloys, and steel. 
From this point of view, wood cannot be classified an 
excellent material. Wood possesses a great internal 
damping, but again the question must be critically ex- 
amined. When the vibration producing forces are not 
great, a wooden element will show excellent qualities. 
But when great exciting forces act, there can arise in a 
wooden element a sudden vibration in an “‘explosive”’ 
manner. With increase of speed the amplitude of os- 
cillation also increases. At the critical speed the ampli- 
tude reaches the highest value. The relation between 
oscillation and speed can be expressed as a curve. The 
value of internal damping will exert an influence on the 
slopes of that curve and also on the value of the critical 
speed. The first influence will be much greater and the 
great internal damping of wood is believed to have such 
an influence on the shape of the curve that at first the 
slope of the curve is small and later suddenly increases, 
causing the ‘‘explosive’’ vibration. By comparison, the 
slope of the curve for a metal element increases pro- 
gressively. The above opinion is based on observations 
of failure in flight of wooden and mixed construction 
airplanes due to flutter. It is quite understandable that 
the “‘explosive”’ type of vibration is more dangerous be- 
cause there is no warning to the pilot.* The author has 
calculated, in accordance with theoretic assumptions, 
that great damping may cause an “explosive” type of 
wing vibration. 


JOINING OF PLYWooD SHEETS 


It is common practice to join plywood sheets with a 
1:12 or 1:15 scarfed joint. In preparing the plywood 
panels for a scarf joint, the joint surface with its bevel 


*An interesting case in the support of the idea of the ‘‘explo- 
sive’’ type of flutter was the crash of the prototype of a bomber of 
mixed construction, caused probably by this type of vibration. 
Unfortunately, the entire crew was killed so there is no positive 
confirmation of this explanation of the crash. In another case, a 
sudden buffeting in diving of all-wood tail surfaces of the proto- 
type of a military two-seater airplane of mixed construction re- 
sembled the ‘‘explosive”’ type of vibration. The airplane dis- 
integrated in the air. 
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of 1:12 consists of strips of wood alternating with strips 
of the resin adhesive that is used as the bonding agent 
for the plywood sheets. These strips of resin adhesive 
do not glue well to the opposing joint surface. There- 
fore, we have scarf joints with weak zones, producing a 
joint whose strength is 80 per cent of normal" as com- 
pared to the strength of the plywood. These joints 
represent weak points in the whole wood construction 
and create a new stress problem, especially from the 
standpoint of vibration. ; 


DESIGN OF WOODEN AIRPLANES 


Taking into consideration the total weight of an air 
plane and its wing loading as the most characteristic 
values, Tables 3, 4, and 5, based on available refer- 
ences,'® give a general view of wood design, par- 
ticularly with respect to the construction of the fuselage 
and wing in relation to the total weight and wing load- 
ing. The following conclusions can be drawn: 


The Airplane as a Whole 


(1) All-wood airplanes are produced up to 36,000 
Ibs. of total weight and 35 Ibs. per sq.ft. of wing load- 
ing. (In contrast, there are today metal planes of 80 
tons weight.) 

(2) The general application of all-wood airplanes is 

for commercial and cargo uses rather than military 
uses. 
(3) Plywood and wood are applied in landplanes up 
to about 20,000 Ibs. total weight and in seaplanes on 
floats up to about 36,000 Ibs. These materials are 
suitable because in seaplanes there is no shock on the 
fuselage during taxiing and ‘‘watering’’ (landing). 

(4) The biggest all-wood airplanes are produced by 
special construction (plastic wood, various processes, 
etc.). 

(5) Mixed construction with wooden wings is used 
up to about 38,000 Ibs. total weight and up to about 38 
Ibs. per sq.ft. wing loading. 

(6) Mixed construction is applied generally to com- 
mercial, cargo, and military planes. In military air- 
planes with wooden wings, the tendency is to apply 
wooden wings to fighters and medium bombers (hav- 
ing a greater load factor) rather than to long-range 
heavy bombers having a smaller load factor. 


The Wooden Fuselage 


(1) Longerons and frame construction are used in 
small and medium airplanes up to 20,000 to 22,000 Ibs. 
total weight. This type is used for landplanes, both 
commercial and military. 

(2) For larger airplanes, semimonocoque and mono- 
coque plywood construction is used. This construction 
is used mostly for seaplanes on floats for commercial 
and military purposes. This type of construction is less 
resistant to shocks than the longeron-frame construc- 
tion. 











DESIGN 


OF WOODEN AIRPLANES 





All-Wood Airplanes and Mixed Construction Airplanes with Wooden Wings 





TABLE 3 








Total 











Material Type of Construction Type of Airplane Weight, Lbs. 
{ Gliders ee 
| Private and commercial landplanes 10,250 
Plywood | Commercial amphibians 15,950 
| and | Commercial flying boats 16,830 
ordinary | Commercial seaplanes on floats 23,100 
wood Transoceanic seaplanes on floats 35,200 
All-wood ‘ 7 
ws Bombers—landplanes 20,350 
airplanes | [ Bombers—seaplanes on floats 27,080 
Special constructions: ( Private landplanes 2,400 
plastic wood, Commercial and cargo airplanes 29,500 
molded wood, Vi- (de Havilland Albatross, Cur- 
| dal process, Dura- tiss Caravan); reconnaissance 
\ mold, etc. ( bomber (Mosquito); trainers 
( Private, commercial and cargo 37,400 
Mixed airplanes 
con- } Steel tube fuselage Torpedo bombers, reconnaissance 19,700 
struc- | and wooden wings ) airplanes, fighter-bombers, 
tion _ fighters 
| | Bombers 27,080 
TABLE 4 
Construction of Wooden Fuselages 
Total 


Type of Construction 


Longerons and frames 


Semimonocoque and 
monocoque (plywood 
and ordinary wood) 


Special construction: 
plastic wood, 
molded wood, Vi- 
dal process, Dura- 
mold, etc. 


Type of Construction 


1 Spar 


2 Spars 


3 Spars 


Special constructions: plas- 
tic wood, molded wood, 
Vidal process, Duramold, 
etc., spars and skin 





Type of Airplane 


Gliders 
Private and commercial landpianes 
{ Commercial amphibians 
Commercial flying boats 
| Bombers—landplanes 
( Military landplanes 
| Commercial seaplanes on floats 
Transoceanic seaplanes on floats 
| Bombers—seaplanes on floats 
( Private planes 
Commercial and cargo airplanes 
} (de Havilland Albatross, Cur- 
tiss Caravan) 
| Reconnaissance bomber (Mosquito) 
{ Trainer 


TABLE 5 
Construction of Wooden Wings 


Type of Airplane 
Gliders 
Private airplanes 
Private and commercial landplanes 
Torpedo bombers, reconnaissance, 
fighter-bombers, bombers, fight- 
ers 
Commercial, transoceanic seaplanes 
Bombers 
| Private airplanes 
Commercial and cargo airplanes 
(de Havilland Albatross, Cur- 
tiss Caravan) 
Reconnaissance bombers 
. Trainers 





Weight, Lbs. 


10,250 
15,950 
16,830 
20,350 

7,500 
23,100 
35,200 
27,080 

2,400 
29,500 


Total 


Weight, Lbs. 


1,400 
11,400 
20,350 


37,400 
27,080 

2,400 
29,500 





Wing Loading, 
Lbs. per Sq.Ft. 


19.80 
21.45 
20.55 
25.42 
35.00 
32.00 
28.90 
15.80 
27 .40 


31.30 


37.92 





Wing Loading, 
Lbs. per Sq.Ft 


19.80 
21.45 
20.55 
32.00 
23.40 
25.42 
35.00 
28.90 
15.80 
27.40 








Wing Loading, 
Lbs. per Sq.Ft. 
11.30 
18.05 
32.00 


35.00 
28.90 
15.80 
27.40 
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(3) Geodetic construction until now has only been 
applied to small airplanes. 

(4) The fuselages of big landplanes are made chiefly 
from plastic wood, molded wood, etc. It is also prob- 
able that this type of construction is more resistant to 
shock during landing. 


The Wooden Wing 


(1) As a rule it can be assumed that with the in- 
crease in the size of an airplane the quantity of spars 
will increase from one to three. 

(2) Each type of wing construction is applied for 
both military and commercial uses. 


CONCLUSIONS 


(1) Wood is used today in all kinds of airplanes, 
both commercial and military, up to about 38,000 Ibs. 
total weight, in all-wood construction or mixed con- 
struction. 

(2) It appears that plywood-wood construction of 
fuselages is better applied to small and medium land- 
planes and to large seaplanes on floats. Plastic wood 
construction can best be used for large landplanes. 

(3) The future of wood construction may depend 
on the development of plastic wood because of its more 
homogeneous composition. The elastic properties of 
plywood may be improved. 

(4) Large all-wood airplanes may be designed for 
commercial, cargo, and training uses rather than for 
military combat purposes. 

(5) It is probable that the future of all-wood air- 
planes lies in the designing of large seaplanes on floats. 

(6) Wooden wings in mixed construction might be 
applied in the future to larger military airplanes, al- 
though at present they are applied to fighters and 
medium bombers. 

(7) The chief stress problems in wood construction 
are: interaction of wood and plywood, high strength/- 
weight ratio when compressive strength of wood is 
taken into account, brittleness and high factor of stress 
concentration, and the possibility of ‘‘explosive’’ type 
of vibration and the joining of plywood sheets. 

(8) Wood design is more difficult than metal design, 
and systematic research is necessary." *! Strictly 
speaking, until now only two countries have done any 
systematic research in wood for use in aviation— 
namely, Germany and Russia. However, neither of 
these countries uses wood to a great degree in aircraft 
production. Germany has utilized wood construction 
in auxiliary aviation; Russia has used it for some 
fighters and possibly in small bombers." 

(9) In designing wood airplanes for long years of 


service, the brittleness of wood, the decreasing elastic 
properties of wood, and maintenance problems must 
all be taken into consideration. 
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Blade Section Variation on Small-Scale Rotors 


KENNETH RAZAK* 


Unwersity of Kansas 


ABSTRACT 


A technique for small-scale rotor testing incorporating the use 
of a three-component balance, torque measurements, and strobo- 
scopic speed measurement is described. Fifteen rotors using a 
related series of airfoil sections were tested. On the basis of 
maximum L/D, the optimum thickness ratio and the optimum 
camber were found to be 12 and 2 per cent, respectively. The 
small-scale rotors proved to be extremely sensitive to a change 
in both thickness and camber. Pointed or sharp-nosed sections 
are undesirable. It was determined that the position of maxi- 
mum camber greatly influenced rotor characteristics. The 
center of pressure travel before and after the stall point is re- 
flected in the pitching moments of rotors with the horizontal 
hinge at the axis of rotation. 


SYMBOLS 


The terminology and symbols used in this paper conform to 
those used by the N.A.C.A. as set forth in their Technical 
Report No. 552. 


a = rotor angle of attack (angle between plane perpendicular 
to axis of rotation and relative wind) 
@ = rotor blade pitch angle, measured from zero lift chord 


line of blade section 
L = rotor lift, Ibs. 
D = rotor drag, lbs., from N.P.L. balance 
D’ = drag derived from rotor torque 
M = pitching moment of rotor, ft.lbs. 
Q = rotor torque, ft.Ibs. 
n = rotor speed, r.p.s. 
w = angular velocity, rad. per sec. 
V = wind speed, ft. per sec. 
R = rotor radius, ft. 
Ci. = coefficient of lift, L/(p/2)*R*V? 
Coo = drag coefficient from N.P.L. balance drag, Do = 
D/(p/2)eR?V? 
Co’ = drag coefficient from D’ 
Cp = total drag coefficient, Cpp plus Cp’ 
Cu = moment coefficient, M/(p/2)xR'’ V? 
# «= tip speed ratio, V cos a/wR 


INTRODUCTION 


AN EFFORT to extend the findings of the N.A.C.A. 
from their rotor tests of 1936! in which four differ- 
ent airfoil sections were used, as well as to determine 
the sensitivity of small-scale rotors to blade section 
variation, 15 rotors using a related series of airfoil sec- 
tions were tested in the University of Kansas wind 
tunnel.2 This related series included the following 
sections: 

Thickness variation—N.A.C.A. 0009, 0012, 0015, 
0018. 
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Camber variation—N.A.C.A. 0012, 2412, 4412, 
6412. 

Thickness and camber variation—N.A.C.A. 4409, 
4412, 4415, 8318. 

Thickness shape variation—N.A.C.A. 23012, 23012- 
33. 

Camber shape variation—N.A.C.A. 0012, 2412, 
23012, 2Re12, 4412, 43012, 6412, 6712. 

This group of sections was used by the N.A.C.A. in 
their investigation of the effect of Reynolds Number on 


the characteristics of airfoil sections.* - 384 &F . 
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For each section a template was made from stainless 
steel by scribing the outline of the section on the thin 
steel and cutting it out with fine files. These templates 
were used to form the basswood blades. Since the 
blades were very close to final dimensions after form- 
ing, little or no thickness could be added. Therefore 
the blades were finished with a thin coat of shellac, 
which was sanded and buffed to a high polish. 


ROTORS 


The rotors had a diameter of 36 in. with a blade 
chord of 2.5 in. This produced a solidity of 0.0885. 
The center of gravity of the solid blades at approxi- 
mately 44 per cent of the chord necessitated placement 
of the vertical pin at that position. The pins were 
offset from the axis of rotation by 17/15in. The blades 
were carried on a horizontal hinge that passed through 
the axis of rotation, the flapping axis of both blades 
being the same. 

The hub contained adjustments for pitch and also an 
adjustment for moving the blades forward and back- 
ward in the plane of rotation. This latter adjustment 
was necessary in order to secure proper balance of the 
rotor by placing the centers of gravity of the separate 
blades directly opposite to each other. Pitch adjust- 
ment was secured by rotating the blades about their 
span axes by means of pitch adjustment screws incor- 
porated in the hub. The test rotor is shown in Fig. 1. 


TESTING APPARATUS 


The rotor was driven by a '/;-hp. electric motor 
which was mounted on a support of streamline tubing, 
offset so as not to interfere with the flapping of the 
blades. The plane of rotation was vertical with the 
center of rotation on the centerline of the tunnel, which 
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Fic. 1. Test rotor. 








made all balance scales direct reading. The motor was 
completely enclosed in a fairing to reduce tare drag. 
Speed adjustment was secured by a series of rheostats 
which allowed the speed to be adjusted while the test 
was being conducted. The speed of the rotor was 
measured by a stroboscope. This stroboscope also 
allowed studying of the rotor while in motion and was 
instrumental in eliminating pragtically all of the rotor 
vibration. 

In order to record the power requirements of the 
rotor, the motor was mounted in trunnions about its 
shaft axis and a torque arm was connected to a small 
beam balance on the outside of the tunnel. 

The balance at the University of Kansas wind tun- 
nel is of the N.P.L. type described in N.A.C.A. T. R. 
No. 72.4 The atmospheric pressure tunnel is built to 
the specifications of the 5-ft. closed-throat tunnel at 
the Massachusetts Institute of Technology. It has a 
speed range from 50 to 85 m.p.h., and sphere tests have 
shown that it has a critical Reynolds Number of 


150,000. 
TESTS 


Two series of tests were conducted. From one series 
of tests, the autorotative characteristics of the differ- 
ent sections were obtained, and from the other series of 
tests the maximum L/D values were determined. 
These tests served as a check against each other. 

In the autorotative tests, all rotors were set at the 
same pitch and adjusted to 1,200 r.p.m. before the 
wind was turned on. The rheostats by which the motor 
speed was controlled were not changed during the en- 
tire run. Therefore, all changes in rotor speed were a 
function of the rotor and influenced by the section. 
The rotor was set at angles of attack at increments of 
one degree, and at each setting readings were taken of 
lift, drag, moment, revolutions per minute, torque, and 
dynamic pressure. 

In the maximum L/D tests the same readings were 
taken, but, instead of permitting the rotor to find its 
own speed, at any attack angle, the speed was con- 
trolled in order to maintain a constant tip speed ratio. 
Three tests were run for each rotor during which the 
tip speed ratios were held at 0.340, 0.370, and 0.425, 
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respectively. At each tip speed ratio the rotors were 
first run with the blades set at a low pitch angle and 
then rerun through the same angles of attack with the 
blades set at a high pitch angle. Previous experiments 
by Hays and Gustafson at the University of Kansas 
have shown that two runs for the same rotor at a differ- 
ent pitch will produce a continuous lift-drag curve, and 
at any angle of attack different values of lift coefficient 
may be secured by changing the pitch angle of the 
blade. The range of lift coefficients thus secured was 
large enough to produce values well beyond the maxi- 
mum L/D point. 

Complete tests of the tare drag of the rotor support 
and electric motor fairing were taken at frequent inter- 
vals, and the results checked so closely that an average 
tare curve was used for the entire series of tests. 


CALCULATION OF DATA 


Density values were used to convert the rotor data 
to coefficient form. Tare corrections were then applied 
and this left the lift and moment coefficients in their 
final form. The drag coefficient, however, did not take 
into account the drag as evidenced by the torque. 
At low values of lift coefficient it is necessary to drive 
the small-scale rotors and the power input must be 
charged against the rotor. Conversely, at high values 
of lift the small-scale rotors autorotate and the electric 
motor then serves as a brake and holds the rotor down 
to a desirable speed. At this time the torque has a 
negative value that should be credited to the rotor. 
An analysis shows that the power supplied by the motor 
is dissipated in skin friction and induced blade drag. 
It is logical that this torque value should be charged, or 
credited as the case may be, to the drag values of the 
rotor. 

The horsepower as required by the torque may be 
equated to the horsepower that would be used by a 
direct drag force. Thus: 


hp.p = D’V/550 


where hp.» is the horsepower consumed by an equivalent 
direct drag force, D’, and the velocity is in feet per 
second. 
Also 

hp., = 2xnQ/550 
where hp., is the horsepower consumed by the torque, 
Q. Equating 

hp., = hp.p 


Or 
D'V/550 = 2anQ/550 
Thus 
D! = 2xnQ/V 


This force, D’, may be converted to a coefficient and 
added to or subtracted from the drag coefficient as de- 








a 2 oe oe oe eee ee ee ee 


= 











SMALL-SCALE ROTOR 


aaseeees 
43012) 1 1 
batt t+ 
4u eens! 
+t +1 4 
+ } + 


= 

cc 
r++ ror 
Lt} | 


+4} 
8 


++. 
SoS | 
Sees ene| 


+44 ++ 


8 


Fic.2. Typical curve, total drag coefficient vs. lift coefficient for 
autorotative test. 





Fic. 3. Typical curve, N.P.L. drag vs. lift coefficient, auto- 
rotative test. 
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Fic. 4. Typical curve, torque drag vs. lift coefficient, auto- 
rotative test. 


rived from the N.P.L. balance to give the total drag of the 
rotor. The drag coefficient as derived from the torque, 
called Cp’, Fig. 4, is used as a measure of the autorota- 
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Fic. 5. Typical curve, total drag vs. lift coefficient, maximum 
L/D tests. 


12 43012 





Fic. 6. Typical moment curve. 


tive characteristics of the section: a high value of Cp’ 
denoting a section with poor autorotative characteristics 
and one that required excessive power for operation. 
Since the highest lift coefficient secured from these 
tests was that for a rotor in high-speed flight, this 
relationship does not hold for vertical or near vertical 
descent. 


RESULTS 


The sample graphs, Figs. 2, 3, 4, 5, and 6, illustrate 
the type of curves from which the conclusions of the in- 
vestigation were drawn. Since the range of attack 
angles was limited by the apparatus and the difficulty of 
keeping the rotor down to a safe speed, the conclusions 
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drawn from. the entire series of tests are essentially 
those for a rotor when used in high-speed flight. 

In all tests of the rotors, a maximum efficiency point 
was located, with a definite dropping of efficiency on 
either side. On the one side, the drop was due to the 
poor stall characteristics of the sections; on the other 
side, the drop was due to the high drag characteristics 
of the thicker and excessively cambered sections. The 
combination of inefficiency due to low stall angles and 
inefficiency due to high drag values or other undesirable 
features magnified the poor qualities of the rotor. 


Thickness Variation 


The effect of thickness was determined by studying 
the rotors with blade sections N.A.C.A. 0009, 0012, 
0015, and 0018. Of these sections, the N.A.C.A. 0012 
produced the highest L/D and also exhibited the best 
autorotative tendencies. With an increase in thickness, 
a definite increase in minimum C, was noted with a 
corresponding decrease in maximum L/D. 

With a decrease in thickness, the minimum Cop for the 
rotor increased abruptly and was actually higher than 
for thicker sections. A breakdown of the drag co- 
efficient into torque and N.P.L. drag showed that a 
major portion of the drag came from the high torque re- 
quirements. The minimum Cp for the 0009 was the 
lowest of the group, but the maximum Cop’ was the 
highest of the group. Further inspection of the curves 
showed that the 0009 possessed the poorest autorota- 
tive characteristics of the group. This was probably 
due to the bad stalling characteristics of the 0009 
aggravated by the low Reynolds Number at which the 
section was operating. 


Camber Variation 


For the effect of camber the sections N.A.C.A. 0012, 
2412, 4412, and 6412 were studied. The order of this 
group as indicated by maximum L/D was 2412, 0012, 
4412, and 6412. This suggests that although a small 
amount of camber produces a higher efficiency an ex- 
cessive amount of camber is undesirable. 

The N.A.C.A. in their tests of a 10-ft. diameter 
autogiro rotor have also found that cambered blades 
are more effective than symmetric sections and that a 
thickness ratio of 18 per cent is less efficient than the 
thickness ratio of 12 per cent. The higher efficiency 
of the cambered blades was attributed to an effective 
twist in the rotor blades as tested by the N.A.C.A. In 
the small-scale rotors, however, the effective twist was 
shown to be negligible because of the torsional rigidity 
of the solid blades. Therefore, the increase in efficiency 
was due to the camber alone. 

In this group, the curves for the 0012, 2412, and 4412 
were well spaced, but the curves for the 6412 were 
definitely isolated, indicating that 4 camber ratio of 
about 4 per cent is the upper limit for rotor sections. 
The differences in the drag coefficients of the 0012 and 





TABLE 1 


Tabulation of Rotor Characteristics 











Autorotative Tests————_—— . 
Cy at Max. L/D Tests 


L/D Cp Cvo Cp’ Auto- L/D 
Section max. aty min min. max. rotation ” max 
0009 4.59 0.360 0.0067 0.0014 0.0056 0.096 0.340 5.62 
0.373 5.71 
0.426 4.90 
0012 5.58 0.353 0.0049 0.0018 0.0032 0.063 0.320 5.33 
0.370 5.50 
0.426 5.18 
0015 4.59 0.345 0.0061 0.0027 0.0045 0.077 0.340 5.16 
0.370 4.85 
0.425 4.75 
0018 5.11 0.310 0.0073 0.0027 0.0048 0.068 0.340 4.93 
0.370 4.75 
0.425 4.19 
2412 5.58 0.353 0.0054 0.0018 0.0040 0.062 0.344 6.09 
0.370 6.01 
0.426 5.84 
4412 4.93 0.335 0.0065 0.0022 0.0032 0.068 0.340 5.92 
0.370 5.73 
0.426 5.09 
6412 3.65 0.340 0.0143 0.0039 0.0113 0.120 0.373 5.10 
0.426 5.08 
4409 5.00 ? 0.0075 0.0023 0.0054 0.078 0.340 5.92 
0.370 5.73 
0.426 5.09 
4415 3.50 0.350 0.0098 0.0027 0.0071 0.090 0.373 5.06 
0.426 4.63 

8318 ? ? 0.0120 0.0082 0.0130 ? ? ? 
23012 5.00 0.340 0.0061 0.0020 0.0041 0.070 0.340 6.14 
0.373 6.00 
0.426 5.40 
23012-33 5.00 0.340 0.0064 0.0020 0.0041 0.062 0.340 5.78 
’ 0.373 5.33 
0.426 5.00 
2R:12 5.56 0.300 0.0059 0.0022 0.0037 0.076 0.340 6.61 
0.373 5.95 
0.426 5.08 
43012 4.59 0.320 0.0096 0.0032 0.0067 0.110 0.373 5.44 
0.426 4.93 
6712 4.54 0.353 0.0106 0.0029 0.0084 ? 0.345 4.52 
0.373 3.58 
0.426 4.55 





the 2412 were small, almost falling within the region of 
experimental error, but the maximum L/D of the 2412 
was much higher. 

The rotor with the 6412 section was difficult to 
operate at the higher rotative speeds and one test had 
to be omitted. Even at the lower speeds, the torque 
requirements were high, indicating a section of poor 
autorotative characteristics. 


Thickness-Camber Variation 


The effect of a combination of thickness and camber 
was found by comparing the N.A.C.A. 4409, 4412, 
4415, and 8318. The order of merit of these sections as 
given by the maximum L/D was 4412, 4409, 4415, and 
8318. The sections 4412 and 4409 gave similar results, 
with the exception of the higher drag at zero lift for the 
latter. 

The study of the thickness-camber variation re- 
vealed that a combination of excessive thickness and 
excessive camber provided a section that was impossible 
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to operate. No difficulty was encountered in operating 
the 0015 and the 0018 sections at the high rotative 
speeds, but the 8318 could be operated only at the 
lowest speed of 1,160 r.p.m. and the 4415 could not be 
operated at the high speed of 1,450 r._p.m. Thickness 
alone did not appear to be so detrimental as a combina- 
tion of thickness and camber, particularily excessive 
camber. 


Thickness Shape Variation 


Through examination of the sections N.A.C.A. 23012 
and 23012-33, the sensitivity of small-scale rotors to 
minor changes in blade section was determined. The 
only difference between these two sections is that the 
nose radius of the 23012-33 is one-fourth that of the 
23012. Both are of the same thickness and camber, but 
the stall angle of the 23012-—33 is 3° lower. 

The autorotative tests did not reveal any great 
difference between the two sections, both having 
practically the same maximum L/D and autorotative 
characteristics. However, on the tests to determine 
maximum L/D, the 23012 was consistently better. It 
exhibited a higher maximum L/D in all three tests and 
lower minimum drag figures, indicating that sections 
with sharp-nose shapes are not desirable as rotor sec- 
tions. 


Camber Shape Variation 


The camber shape series provided a group of sections 
with the points of maximum camber occurring at 15, 
40, and 70 per cent of the chord. The maximum 
efficiency occurred with the maximum camber position 
at about 40 per cent of the chord. 


Two sections, the 23012 and the 43012, with the 
maximum camber at 15 per cent of the chord, were 
tested. The drag coefficients of the 43012, with 4 per 
cent total camber, were much higher, and the maximum 
L/D was about 10 per cent lower than those values for 
the 23012. 

Three sections, the 2412, 4412, and 6412, with the 
maximum camber occurring at 40 per cent of the chord, 
were tested. Again, sections with 2 per cent camber 
gave the highest maximum L/D values. However, the 
4412, while not so efficient as the 2412, was definitely 
superior to the 43012. The 6412 was less effective than 
the other sections, with the maximum camber at 40 per 
cent of the chord. It was only slightly less efficient 
than the 43012, indicating that about 5 per cent camber 
at 40 per cent of the chord would produce approxi- 
mately the same results as 4 per cent camber at 15 per 
cent of the chord. 


The 6712, with a camber of 6 per cent at 70 per cent 
of the chord, produced approximately the same results 
as the 43012. However, it produced better results than 
the 6412, since the latter required excessive amounts of 
torque. 


Trailing-Edge Shape Variation 


A consistent variation in trailing-edge shape was 
achieved by the use of the 2R,12, the 2412, 6412, and 
6712. The order of the group as indicated by maximum 
L/D was the same. The 2R:12 was the most efficient 
section of the entire series of tests. This section was 
similar to the 2412 in all respects with the exception of 
the reflexed mean line. The positive pitching moment 
produced by the reflexed mean line probably accounted 
for the good showing of the 2R212, not only in maximum 
L/D but also in drag and autorotative characteristics. 

Although the 6412 produced a higher maximum 
L/D than the 6712 in the maximum L/D tests, in the 
autorotative tests it produced a lower maximum L/D 
and inferior values of minimum drag. It also required a 
larger amount of torque at low values of lift. This indi- 
cates that a large value of camber near the trailing edge 
does not adversely affect rotor performance and that a 
trailing edge flap may be used for rotor control. 


Effect of Blade Section on Rotor Moments 


At the time that the tests of blade section variation 
were run, the rotor moments were considered as a 
secondary factor. Hence, the same care was not exer- 
cised in checking the moment results and the accuracy 
was not so great as in the case of the lift and drag 
measurements. 

The rotor moments were converted to coefficients and 
plotted against the lift coefficient. From these graphs 
definite trends were noted. All rotors had unstable 
moment curves. However, movement of the camber 
backward produced a definite decrease in the slope of 
the moment curve. 

The 6712, with 6 per cent camber at 70 per cent of the 
chord, was the most stable of the group, whereas the 
43012 was very unstable. Changes in thickness and 
changes in camber at any one position had little or no 
effect upon the slope of the moment curve. The values 
of moment coefficient corresponded to values as de- 
termined from full-scale tests. 


CONCLUSIONS 


1. The sensitivity of small-scale testing was shown 
to be great enough to justify the exploration of other 
rotor problems with the use of small-scale rotors. 

2. The autorotative characteristics of the various 
sections pointed out that some sections would be usable 
in high-speed flight but would not be effective for slow 
or hovering flight. 

3. A small amount of camber for rotor blade sec- 
tions is desirable, but excessive amounts of camber 
decrease the efficiency of the rotor. 

4. The stalling characteristics of the sections are 
reflected in the rotor performance as shown by the drop 
in efficiency of the thin and sharp-nosed sections. 


(Continued on page 96) 








Vibration Frequencies of Continuous Beams 


EDWARD SAIBEL* 
Carnegie Institute of Technology 


SUMMARY 


A method is developed for finding the natural frequencies of 
vibration of a continuous beam from a knowledge of the natural 
frequencies and natural modes of the beam supported at the ends 
in the same manner as the continuous beam but not subjected to 
any of the constraints between the ends. The method is easily 
applied and can be carried out to any desired degree of approxi- 
mation for any number of modes of vibration in a quick and 
simple manner. Calculations are given for two cases, the 
second of which is related to the problem of the braced cantilever 
wing. 


INTRODUCTION 


— CUSTOMARY METHOD for finding the natural fre- 
quencies of a continuous beam is to set up the 
general solution of the differential equation for each 
span separately. This necessitates the evaluation of 
four constants of integration for each span. Two of 
these constants are disposed of at each end of the beam 
by means of the boundary conditions at these ends, 
respectively. Relating the deflections, slopes, and 
moments of contiguous spans at their common supports 
gives rise to a set of linear homogeneous equations in the 
constants. Setting the determinant of the coefficients 
of the constants equal to zero, the necessary condition, 
for a nontrivial solution, yields the characteristic or 
frequency equation. This is a long and tedious pro- 
cedure. It is the object of this paper to develop a sim- 
ple and readily applied method whereby the natural 
frequencies may be evaluated to any desired degree of 
approximation. The continuous beam is thought of as 
an ordinary beam of the same length subject to con- 
straints at the inner points of support. The character- 
istic (or eigen) functions and corresponding character- 
istic (or eigen) values for the ordinary beam are known 
or can be found without difficulty, and the solution for 
the continuous beam is developed in terms of these 
known properties. 


DISCUSSION 


The differential equation of a beam vibrating without 
external exciting forces is! 

oO? 

Ox? 


cr 9 
| EU) oe | = — m(zx) = (1) 








ox t? 


where EJ = the flexural rigidity of the beam, m = the 
mass per unit length, and y = the deflection. Using 
the customary method, we may express y in the form 


Received April 26, 1943. 
* Associate Professor of Mechanics. 


y= Y(x) sin (pt + e) 


where p = the circular frequency (rad. per sec.) and 
e = the phase angle. Eq. (1) becomes 
d?Y 


| Bre) x | = m(x)p?¥ (2) 
dx? 


@& 
dx? 


Associated with Eq. (2) and the boundary conditions 
at the ends of the beam—namely, simply supported, 
clamped, or free—there is a closed set of characteristic 
functions ¢,(x) and characteristic values A, = p,? (r = 
1, 2, ....), which correspond to the shape and to the 
square of the circular frequency in the rth mode 
of vibration. The ¢,'s satisfy the following equa- 


tions :? 
Se! m(x)o(x)d.(x) dx = 0; 7 # ‘\ (3) 
Se m(x)o,2(x) dx = 1 
An arbitrary deflection y(x, t) satisfying the boundary 
conditions prescribed at the ends of the beam and 


vibrating with an arbitrarily chosen frequency +/X may 
be represented by the generalized Fourier Series 


v(x, t) = [ardi(x) + aogo(x) + ....] sin (-Yrt + e) (4) 


since V(x) = ayoi(x) + dego(x) + ..... The deflection 
of the beam in its position of maximum displacement 
may be thought of as being produced by a steady system 
of continuously distributed inertia forces of intensity 
Am(x)¥(x) per unit length. The strain energy (V1) 
stored in the beam in this position is given by! 


/2 So! El(x)(d2¥ /dx*)?* dx 


Integrating by parts leads to 


Aegan 
y=2 {| 7) : =| . 


bh dx? dx bp 
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o dx dx dx? f 


At a simply supported or free end, EI(x)(d?Y/dx*) van- 
ishes since this expression is the negative of the bending 
moment; at a clamped end dY/dx vanishes. Thus, V; 


reduces to 
u 2 
2 Jo dx dx dx? 


If this is integrated by parts, the following expression 
for V; is obtained: 
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Now, at a simply supported end or at a clamped end, Y 
vanishes; at a free end (d/dx)[I(x)(d?Y/dx*)] is zero, 
since it is proportional to the shear. Therefore, V; 


becomes 
H 
zf y Fl 18 EY lax 
2 Jo dx? 


and upon the substitution of Eq. (2) into this expression 
and by the use of Eqs. (3), V; takes the form 


(*/2)(a2h1 + a2*A2 + ....) 


The potential energy (V2) of the inertia loading is 
given by 


Vi 


NM} py 


(/2) fo'm(x) ¥2(x) dx 
and using Eqs. (3) and (4) this becomes 
(X/2) (ay? a ay? + evs J 


Furthermore, let the beam be subjected to a con- 
straint such as an additional support between the ends 
of the beam, at x = c, for example. This constraint 
may be expressed by 


O = aypi(c) + aogr(c) + .... 


and may be introduced into the expression for the total 
potential energy (V) through an undetermined multi- 
plier » as follows :* 


V = Vi — Ve — wlaidi(c) + aegr(c) + ....] (5) 
The necessary conditions that V be a minimum are: 
0V/da, = 0; r= 1,2,.... (6) 
and 


oV 

— = 0 or aidi(c) + aegr(c) +....= 0 (7) 

Ou 
Eq. (6) leads to a, = uld@,(c)/(A, — A)]. The sub- 
stitution of this value into Eq. (7) gives the frequency 
equation of the system of restraint—namely, 


2 
a (8) 
MA ho— A 


In those cases where the beam is uniform and the ends 
are any combination of simply supported, built-in, or 
free, the ¢,’s and the \,’s are known. Let the X,’s be 
ordered such that \; < A2 < As < ..... For any variety 
of end conditions the convergence of Eq. (8) is so rapid 
that it is sufficient to consider only the first two terms. 
This leads to a linear equation in \, and a close approxi- 
mation to the frequency of the constrained system in the 
first mode of vibration is obtained. If three terms are 
taken, a quadratic equation in results and a close 
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approximation to the lowest frequency together with a 
good approximation to the next higher frequency is 
found. The approximations to the lower frequencies 
are so good that as more terms are taken these roots 
may be divided out and at each stage it is only necessary 
to solve a quadratic equagion. 

Eq. (8) has an interesting interpretation. It is 
shown in the theory of integral equations‘ that the 
periodic induction function G(x, s; \), which expresses 
the deflection at any point x of the system due to a unit 
load of frequency +/X located at point s, may be ex- 


pressed in the form G(x, s; \) = > ¢-(x)b-(s)/(Ar — 2d). 
r=l 


Thus if a unit load vibrating with frequency ~/> is act- 
ing at x = c, frequency Eq. (8) is obtained by use of the 
condition that \ must be such as to produce no deflection 
atx =. 

If more than one constraint is operative—that is, if 
the beam is supported at more than one point between 
the ends, for example, at x = 6 and x = c—the addi- 
tional constraints may be introduced into the expression 
for the total potential energy, Eq. (5), as follows: 


V = V; _ V2 vay u>_4,6,(b) wd v > do,(c) 
The necessary conditions for a minimum are: 


ov = 0, rg OF ee 0 


Oa, m v 


The results of applying these three conditions and 
eliminating a, are: 


1S HO 4 » (doe) _ 9 

A —A A —A 

»» oe (c) $,*(c) 
A, — A 


»— dh 
The necessary condition for a nontrivial solution is the 
vanishing of the determinant of the coefficients of u and » 
in these two equations. This leads to the frequency 


equation 
| > tore) 0 
®— A 


2) ce 
A, —A \—A 
It is suffi- 


The functions ¢, need not be normalized. 
cient to know that in the second of Eq. (3) 








JSo'm(x)o,2(x) dx = constant 
This is the case in both of the examples given below. 
EXAMPLES 


(1) A simply supported beam of length / is propped 
between the ends so that the ratio of spans is ,:1,= 
6:4.5.! In this case 


$,(x) = sin k,x 
where 


k,4 = \,m/EI 
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and 
bl w= fa: ¢ = 1,2... 


Eq. (8) becomes 





xX 6 . 
sin* 
10.5 10.5 
(3*/l*)(EI/m) — X (1624/14)(EI/m) — d 


sin? 








Using the first three terms, there results 
pi = Ve = (11.7/h*) WEI/m 
p2 = Wy. = (23.7/h?) WEI/m 
which agree closely with the values given in reference 


(1). 
(2) A cantilever of length / is propped three-quarters 
of the way out from the built-in end. In this case’ 


o(x) = | (cos k,x — cosh k,x) + 


(sin kx — sinh k,x)(sin k,l — sinh k,l) 1] 
(cos k,l + cosh k,l) 





where &,/ = 1.875, 4.694, 7.855, ... 
.; and again k,f = d,m/EI. Simplifying the 
problem by making it nondimensional—that is, letting / 
and m/EI be each equal to unity—it is found that 
$12(0.75) = 1.729 
$27(0.75) = 0.0676 


.5 torr = 7, 2.3. 


and Eq. (8) becomes 
1.729 0.0676 
12.36—rX 486—A 





Using these two terms only, ~/\; = 21.6 or pi = 
(21.6/l?) ~/EI/m, which compares very well with the 
exact value,® (21.8/12)»/EI/m. 





CONCLUSION 


The problem of finding the natural frequencies of 
vibration of a continuous beam has been greatly simpli- 
fied in the case where the beam is uniform. The 
method is valid for a beam of nonuniform cross section 
and can be used with advantage to simplify the solution 
in such cases, though the finding of the characteristic 
functions and characteristic values for the uncon- 
strained nonuniform beam is somewhat more difficult 
than for the uniform beam. 

The method here developed is also helpful in the 
problem of the continuous beam with concentrated 
masses, such as a wing with attached engine nacelles. 
In this type of problem the procedure generally fol- 
lowed is that of synthesis of mass,? which leads to the 
following equation: 


L/w? < (1/e 7) + (1/e»*) 


In this expression, w is the natural frequency, ; is the 
frequency of the masses attached to a weightless beam 
having only elastic properties, and w, is the frequency 
of the vibrating beam without attached masses. The 
method of the present paper is directly applicable to the 
calculation of this latter term and, by virtue of its 
simplicity, is preferable to the standard method. 
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5. Tests of sections with large amounts of camber 
near the trailing edge showed that the use of trailing- 
edge flaps would be an effective means of rotor con- 
trol. 
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Letters to the Editor 


Dear Sir: 


As in the case of Cozzone’s paper! in the May, 1943, issue of 
the JOURNAL, it is again gratifying to see thought given to the 
plastic range in structural design. One or two comments come 
to mind in reading Wolford’s paper.” 

Wolford’s Eq. (15) is one of those derived by von Karman in 
1910.3 The equation applies to the idealized H-section (negligible 
web) or an idealized box section as Wolford has shown it in his 
Fig. 2. If it is to be applied to ‘“‘hollow rectangular sections,’’ the 
sides parallel to the plane of bending must offer negligible resist- 
ance to bending compared to the other two sides. 

Wolford suggests that Eqs. (2) and (15) represent extreme con- 
ditions for the sections likely to be encountered. Eq. (15) for 
the idealized H-section definitely represents one extreme condi- 
tion for sections symmetric in a plane perpendicular to the plane 
of bending. According to Gehler,‘ however, the values of the 
double modulus for the I-section are higher than for the rec- 
tangular section when the plane of bending is perpendicular to 
the web. For sections unsymmetric in a plane perpendicular to 
the plane of bending, the double modulus may approach the 
tangent modulus on the one hand or the modulus of elasticity 
on the other, depending on the shape and on the direction of 
bending. 

Wolford states that “in computing effective column length, 
0.6 in. was added to the specimen length to compensate for the 
adapter thickness.’’ If the adapters are very stiff relative to the 
specimen, the effective length can be computed accurately from 
the formula 


cot (wL/2Lo) = rd/Lo 


where L is the length of the specimen; Lp is the effective, or free, 
length of the column; and d is the distance between a knife edge 
and the near end of the specimen—that is, the thickness of the 
adapter. The formula assumes that the adapters are rigid. 

When the section cannot be approximated by two flanges 
(idealized H-section), the problem of the plastic range becomes 
practically much more complicated. It has been worked out for 
a number of assumed stress-strain curves. The most reasonable 
ones have not expressed the stress and the strain as continuous 
analytic functions of each other, however, and added complica- 
tions have resulted from this lack. Moreover the forms of the 
expressions have not been applicable to a wide variety of materi- 
als. Some time ago I hit upon a continuous function that applies 
surprisingly accurately to many structural materials, at least up 
to a strain of 0.01. The expression is 


e=s/E + K(s/E)", n> 1 (1) 
where ¢ is the strain, s is the stress, E is the modulus of elasticity, 
and K and nm are empirical constants. When Eq. (1) represents 
stress-strain data accurately, K and m may be determined by plot- 
ting s/E against e — (s/E) on logarithmic paper, for 





! Cozzone, Frank P., Bending Strength in the Plastic Range, 
Journal of the Aeronautical Sciences, Vol. 10, No. 5, p. 137, May, 
1943. 

* Wolford, Don S., Significance of the Secant and Tangent Moduli 
of Elasticity in Structural Design, Journal of the Aeronatitical 
Sciences, Vol. 10, No. 6, p. 169, June, 1943. 

3 von Karman, Th., Untersuchungen ueber Knickfestigkeit, 
Verein Deutscher Ingenieure, Forschungsarbeiten, No. 81, Ber- 
lin, 1910. 

* W. Gehler, Proceedings of the Second International Congress 
for Applied Mechanics, p. 366, September 12-17, 1926. 


91 


log [e — (s/E)] = log K + n log (s/E) 


Eq. (1) lends itself readily to the determination of column 
curves based on the double-modulus theory. 


Wm. R. Oscoop 
Materials Engineer 
National Bureau of Standards 


Dear Sir: 

The recent paper by Max G. Scherberg on ‘‘Regions of Infinite 
Acceleration and Flow Realms in a Compressible Fluid’ (Jour- 
NAL OF THE AERONAUTICAL SCIENCES, Vol. 10, No. 7, pp. 223- 
226, 231, July, 1943) is an interesting contribution to the now 
much discussed subject of compressibility effects in aerody- 
namics. However, it contains some statements that are difficult 
to understand. For instance, the author said that in the paper 
by Theodore von Karman (JouRNAL OF THE AERONAUTICAL 
Sciences, Vol. 8, No. 9, pp. 337-355, July, 1941) ‘some condi- 
tions were specified under which regions of infinite acceleration 
may be located. .. .’’; and in his paper: ‘A more complete set 
of such conditions is developed.” It is hard to see that Scher- 
berg’s set of conditions is more complete than yon K4rman’s, 
because one is completely equivalent to the other. 





Fic. 1. Case I of minus realm of flow. 
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Fic. 2. Expanding stream tube—subsonic flow. 
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Fic. 3. Contracting stream tube—supersonic flow 
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Now consider the so-called case I of the minus realm of flow, 
where the following conditions are satisfied (the notations are 


Mr. Scherberg’s): 
dv/dr > 0, 


The situation is indicated in the accompanying Fig. 1. Because 
of the zero radial acceleration, the two neighboring points 1 and 
2 on the radial line have the same pressure. Then, by Bernoulli’s 
theorem, the magnitudes of the velocities V; and V: at these 
points are also equal. However, since 0V/dr > O and V; < v2, 
the two velocity vectors at point 1 and point 2 tend to separate 
from each other. Furthermore, because of the fact that A < 0, 
the fluid flows against the pressure. The author then concludes 
that the flow is physically like that of case I in his Fig. 1, which 
represents an outward radial subsonic flow. However, it can be 
easily seen that such is not necessarily the case. If s is the dis- 
tance measured along a stream line in the direction of flow and 
An the distance between two neighboring stream lines, then by 
using Eqs. (43) and (44) on page 345 of von Karman’s paper, 


one has 
1 OAn és 1 10V 
An ds \a? V Os 
Therefore, for subsonic flows the stream tube expands when the 


fluid flows against the pressure, ie., 0V/O0s < 0. This is the 
physical characteristic of the subsonic flow as shown by case I 


rw > 0, A<0 
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of Mr. Scherberg’s Fig. 1. The case I of the minus realm of 
flow can be physically similar to the subsonic flow only if the 
stream tube expands in the direction of flow. However, the stream 
tube for this case can either expand or contract as shown by Figs. 
2 and 3. The cross section of a stream tube must be measured 
normal to the stream line and not at an angle tu the stream line 
as the line 1-2. If the stream tube expands, the flow velocity 
must be subsonic and no infinite acceleration can occur. If the 
stream tube contracts, the flow velocity must be supersonic and 
an infinite acceleration may appear. Hence, the mystery of the 
claim that “even though the flow may be supersonic, the fluid 
particles respond to its physical surroundings as in an ordinary 
subsonic flow’’ is dispelled. 

The theory of the infinite accelerations in compressible flow 
is interesting and is of great practical imvortance. Since the 
publication of von Karman’s paper, two German authors, F. 
Ringleb (‘Uber die Differentialgleichungen einer adiabatischen 
Gasstrémung und den Strémungstoss,” Deutsche Mathematik, 
Vol. 5, pp. 337-384, 1941) and W. Tollmien (‘‘Grenzlienien 
adiabatischen Potentialstrémungen,” Z. angew. Math. Mech., 
Vol. 21, pp. 140-152, 1941), have developed the details of the 
theory. Recently, the theory has been further generalized to 
include the three-dimensional flows. 
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Services 
of the 


Aeronautical Archives 
of the 


Institute of the Aeronautical Sciences 





The services of the Aeronautical Archives are available 
to all members of the Institute, to Corporate Members, to 
advertisers in the Aeronautical Engineering Review and, 
under usual library limitations, to the public. Four 
specialized services are available. 


The Paul Kollsman Library 


This lending library service makes available, without 
charge, the latest and more important aeronautical books. 

As far as the facilities permit, any person in the United 
States over 18 years of age who can furnish references which 
certify to his or her responsibility may become a member of 
the library. 

Members may request the loan of any aeronautical or 
technical book they wish to borrow. Through an ex- 
change agreement with the Engineering Societies Library, 
any book on general engineering may be borrowed from its 
great collection of over 160,000 volumes. 

A photostating service is available at usual library 
rates. 

Applications for membership in the library and further 
information will be sent on request. 


The Burden Reference Library 


This reference library contains over 14,000 aeronautical 
books, magazines, pamphlets, photographs, reports, and 
clippings gathered from world-wide sources and is one of 
the most complete aeronautical libraries in the world. 
Material from this library is not available for loan but may 
be used for reference purposes at the Aeronautical Ar- 
chives. 


The Pacific Aeronautical Library 
6715 Hollywood Boulevard 
Hollywood, California 
Established in cooperation with the aircraft companies 
the library serves. The leading aircraft companies in or 
near Los Angeles participate in its support and operation. 
This service library for aeronautical research is available 
to the public for reading privileges. Source material in- 


cludes aerodynamic and structural research reports, as well 
as books on drafting, production methods, history, and al- 
lied sciences. It furnishes books, periodicals, and pam- 
phlet material to the participating aircraft companies to 
supplement their engineering libraries. 


The Aeronautical Archives 
Technical Information Service 


This service has experienced personnel under the super- 
vision of trained aeronautical engineers to compile any in- 
formation desired. The services range from listing special- 
ized reference books to the preparation of exhaustive 
bibliographies, digesting of reports, and general surveys of 
any aeronautical subject. Some of the available services 
are: 


Bibliographies on any aeronautical subject. 

Reports on any aeronautical subject. 

Digests of aeronautical books, papers, periodicals, and 
references. 

Translations. 

Engineering investigations of special aeronautical subjects. 

Biographies of individuals engaged in aeronautics. 

Photostats of any aeronautical or general engineering ma- 
terial. 

Microfilms made on special order. 

Photographs made from the Institute's photographic col- 
lection. 

Drawings and tracings made. 


In addition to the services mentioned any commission 
which comes within the scope of the Service will be ac- 
cepted. Special arrangements may be made for work re- 
quiring several weeks or months. 

Translators are available for accurate transcriptions of all 
foreign language data. Translations are carefully edited 
by trained engineers. 

Reproductions of any material in the Aeronautical Ar- 
chives of the Institute may be ordered at standard photo- 
stat rates. 
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SUGGESTIONS FOR CONTRIBUTORS TO THE PUBLICA- 
TIONS of the INSTITUTE of the AERONAUTICAL SCIENCES 


The Institute of the Aeronautical Sciences invites 
both members and nonmembers from any country to 
submit papers for publication in the JOURNAL OF THE 
AERONAUTICAL SCIENCES and the AERONAUTICAL ENGI- 
NEERING Review The Institute, following the prac- 
tice of other societies, does not pay for contributions. 


The following directions for the preparation of papers, 
if followed by authors, will save correspondence, avoid 


the return of papers for changes, minimize the work of 


preparation for the printer, and save the expense due 


to the charges made for “‘author’s corrections.” 





MANUSCRIPTS: Papers must be written in English, in original 
typewriting on one side only of white paper sheets, consecutively 
numbered and be double or triple spaced with wide margins. 
Manuscripts should be prepared with great care so that they 
will be typographically accurate. Paragraphing should be given 
special attention. Papers should be written in the third person, 
reference to the writer being made as ‘‘the author.”” Avoid the 
use of the words “I,” ‘“‘we,” and “you.’”’ Blueprint copies of 
papers are unacceptable as it is impossible to mark directions to 
the printer on them. Correcting, changing, or adding to papers 
after they are in type is costly. It is, therefore, imperative that 
papers submitted be in final form. Typographical errors may 
be corrected on proofs, but if authors wish to add material, they 
may do so at their own expense. In mailing, drawings may be 
rolled, but manuscripts should be sent flat. Send by first class 
mail (register if you wish for your own protection) to the Editorial 
Office, Institute of the Aeronautical Sciences, 1505 RCA Bldg. 
West, 30 Rockefeller Plaza, New York 20,N.Y. All manuscripts 
will be examined by the Editorial Committee and by the Editor. 
Authors will be advised as promptly as possible whether the 
paper is acceptable for publication. 


TitLes: The title of the paper should be brief. The name and 
initials of the author should be written as he prefers. The use 
of the full name of an author is advocated because of the fre- 
quent duplication of initials and surnames which sometimes 
makes it difficult to establish the identity of the author. This is 
particularly important for large annual indexing and abstracting 
services. All titles and degrees or honors are omitted. The name 
of the organization with which the author is associated should be 
placed after his name on a separate line. The date on which the 
paper is received will be inserted by the Editor. 


SUMMARIES OR ABSTRACTS: An abstract to be printed at the 
beginning should accompany each article. It should be ade- 
quate as an index and as a summary. It should contain a state- 
ment of major conclusions reached, since summaries in many 
cases constitute the only source of information used in compiling 
scientific reference indexes. Abstracts printed in other journals, 
especially foreign, in most cases, consist of stimmaries from 
printed papers. The summary should explain as adequately as 
possible the major conclusions to a nonspecialist in the subject. 
The summary should contain from 100 to 300 words, depending 
on the length of the paper. 


SUBHEADINGS: Subheadings should be inserted by the au- 
thor at frequent intervals. The work of editorial preparation 
will be simplified by the author providing many subheadings. 
Owing to the breaking of columns and the insertion of illustra- 
tions, some of the subheadings may have to be omitted. 


SHORTENING OF Papers: Some papers, at the end, fill in only a 
portion of a page. This leaves much wasted blank space as 
succeeding articles are started at the top of a page. Authors 
should indicate by notation on ‘the left-hand side of the page 
what matter may be omitted when “runovers” occur. This 
request is important as the Journal cannot afford in the future, 
as it has in its earlier issues, to have blank half pages or more at 
the end of papers. 


Matter USUALLY DELETED: Acknowledgments of assistance 
in preparation of paper, except by collaborators. Photographs 
or illustrations of little technical interest and not showing ad- 
vances in general practice. Too detailed tabular matter (gen- 
eral results of such tables may be included in the text). Lengthy 
descriptions of materials or processes or of preliminary experi- 
ments or theories that preceded final results; salient features 
only are of interest. 


REFERENCES AND FOOTNOTES: References should appear as 
footnotes only, numbered consecutively, grouped together at the 
end of the manuscript. The arrangement should be as follows: 
(for books)—! Durand, W. F., Aerodynamic Theory, lst Edition, 
Vol. 1, p. 23; Julius Springer, Berlin, 1934. (For magazines)— 


1Englund, C. R., Crawford, A. B., and Mumford, W. W., Some 
Results of a Study of Ultra-Short-Wave Transmission Phenomenon, 
Proc. I. R. E., Vol. 20, No. 12, pp. 481 and 482, March, 1933. 
Please give author, title, edition, volume, page, publisher and 
date of publication as indicated. Omission of one required fact 
causes much extra editorial work and possible inaccuracies. All 
references are grouped at the end of the article. 


ILLUSTRATIONS: [Illustrations should accompany manuscripts 
and each should always be referred to in the text, preferably by 
number. Drawings or graphs should not be larger than 12 X 16 
inches, and must be made with jet black India Ink on white 
paper or tracing cloth, the latter being preferred. De not use 
typewriter for lettering. The smallest lettering on 8 X 10 inch 
figures should be no less than !/, inch high. Cross-section paper 
(white with black lines) may be used, but should not have more 
than 4 lines per inch. If finer ruled paper is used, the major 
division lines should be drawn in with black ink, omitting the 
finer divisions In the case of finely ruled paper, only blue- 
lined paper can be accepted. Tracing paper and blueprints are 
not acceptable. Lettering and all markings must be large enough 
to be readable after reduction. Mail rolled or flat, never fold. 
Drawings that cannot be reproduced (including pencil draw- 
ings) will be returned to the author for redrawing, thus delaying 
publication of the paper. Photographs should be very distinct 
and show clear black and white contrasts. They must be on 
glossy white paper. Avoid round and oval photographs. 


CAPTIONS AND LEGENDS: Legends or captions must accom- 
pany each drawing or photograph submitted. If written on the 
drawing or photograph, they should be placed below and well out- 
side the part to be reproduced. It is better to place them on 
separate sheets of paper pasted to the back of the drawings or 
photographs. Each table should have a caption such as Table 
1, Table 2, Table 3, etc. Captions should be complete in them- 
selves so as to make the data intelligible to the reader without 
reference to the text. A duplicate list of captions for figures 
should be included as the last page of the manuscript. Use “‘Fig. 
1” (not Figure 1), Figs. 3 and 4, etc., in both the text and the 
numbering of illustrations. In the text, “Eq. (1),’”’ or ‘Eqs. (1) 
and (2)” are preferable to ‘Equation (1).” In captions and 
legends, except for ‘‘Fig.”’ and ‘‘Eq.”’ and table headings, write 
all words in full; do not abbreviate. Avoid placing explanatory 
written matter in the drawings; it should be in the text. 


MATHEMATICAL WorK: Only the simplest formulas should 
be typewritten; all others should be carefully written in pen 
and ink, the writing to be large enough so that ample room 
is provided to mark mathematical matter for the printer. A con- 
siderable space for marking should be allowed above and below all 
equations. All complicated equations should be repeated on 
separate sheets with plenty of space left for marking. The solidus 
should be used for simple fractions appearing within the text. 
Make all expressions clear to the typesetter. Greek letters used 
in formulas should be clearly designated by name on the margin 
of the manuscript. All symbols should be clearly written and 
carefully checked. The difference between capital and lower- 
case letters should be clearly distinguished and care taken to avoid 
confusion between zero (0) and the letter (0), between the numeral 
(one) and the letter (ell) and the prime (’), between alpha and a, 
kappa and k, u and mu, v and nu, n and eta. All subscripts and 
exponents should be clearly marked and dots and bars over letters 
or mathematical expressions should be avoided. Avoid compli- 
cated exponents and subscripts. When it is necessary to repeat a 
complicated expression, it should be represented by some con- 
venient symbol. 


NOMENCLATURE AND ABBREVIATIONS: The National Advisory 
Committee for Aeronautics Nomenclature should be used in pref- 
erence to any others. Standard abbreviations should be used, 
and it should be noted that most abbreviations are lower case, 
such as m.p.h., b.m.e.p., ihp., b.hp., hp., ... ete. 





